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MAL-512: M. Sc. Mathematics (Real Analysis)
Lesson No. 1 Written by Dr. Vizender Singh

Lesson: Sequences and Series of Functions -1

Structure:
1.0 Learning Objectives
1.1 Introduction
1.2 Sequences and Series of Functions
1.3 Check Your Progress
1.4 Summary
1.5 Keywords
1.6 Self-Assessment Test
1.7 Answers to check your progress
1.8 References/ Suggested Readings

1.0 Learning Objective

e The learning objectives of this lesson are to consider sequences and series whose
terms are functions rather than real numbers. These sequences and series are useful in
obtaining approximations to a given function.

e The study aims at two different notations of convergence for a sequence of functions:
Point wise convergence and uniform convergence.

e To study that for a sequence of variable terms most important question to be
answered is that whether and to what extent, properties belonging to terms, viz.
boundedness, continuity, integrability and differentiability, etc., are transferred to
limit function of corresponding sequence (series).

e To study under what conditions these properties are transferred to limit function.

1.1 Introduction

So far in earlier graduate classes, we have considered, most exclusively, sequence and series
whose terms are real numbers. It was only in particular case that the terms depend upon
variable. In this lesson, we shall consider sequence and series whose terms depends upon
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variable, i.e., those whose terms are real valued functions defined on interval as domain. The
sequences and series are denoted by {f,} and 2_f, respectively.

1.2 Point-wise Convergence and Uniform Convergence

Definition1.2.0 Let {f,},n=1, 2, 3,...be a sequence of functions, defined on an interval I, a < x
< b. If there exits a real valued function f with domain | such that

f(x) = lim {f,(x)}, V x el
Then the function f is called the limit or the point-wise limit of the sequence {f.} on [a, b], and
the sequence {f,} is said to be point-wise convergent to f on [a, b].

Similarly, if the series 2_f,, converges for every point xel, and we define
)= 00, Vxelahb]
n=0

the function f is called the sum or the point-wise sum of the series >f,, on [a, b].

Definition 1.2.1. If a sequence of functions {f,} defined on [a, b], converges point-wise to f,
then to each € > 0 and to each x € [a, b], there corresponds an integer N such that

Ifa(X) —f(X)|< e, Vn>=N (1.2)
Remark 1.2.3.
a) The limit of differentials may not equal to the differential of the limit.

sinnx

n

Consider the sequence {f,}, where f,(X) = , (X real).

It has the limit
f(x) = lim f.(x)=0
f'(x)=0, andsof'(0)=0
But
f/(x) = «/n cos nx
so that
f/(0)=+/n—>wasn—

Thus at x = 0, the sequence {f', (x)} diverges whereas the limit function f '(x) = 0.
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b) Each term of the series may be continuous but the sum function f may not.
Consider the series

0 X2
f , where f(x) =
nZ:O n n() (1+X2)n

At x =0, each f,(x) = 0, so that the sum of the series f(0) = 0.

For x # 0, it forms a geometric series with common ratio 1/(1 + x?), so that its sum
function f(x) = 1.

(x real)

Hence,

1 x#0

f(X):{o x=0

which is not continuous at x = O.

Definition 1.2.4. A sequence of functions {f.} is said to converge uniformly on an interval [a,
b] to a function f if for any € > 0 and for all x € [a, b] there exists an integer N (independent of
x but dependent on ¢) such that for all xe[a, b]

If.(x) — f)| <&, ¥V n>N (1.2)

It is obvious that every uniformly convergent sequence is point-wise convergent, and the
uniform limit function is same as the pointwise limit function. But the converse is not true.
However non-point-wise convergence implies non-uniform convergence.

Definition1.2.5. A series of functions 2_f, is said to converge uniformly on [a, b] if the sequence
{S,} of its partial sums, defined by

$4) = 3600

converges uniformly on [a, b].
OR

A series of functions 2_f, converges uniformly to f on [a, b] if for € >0 and all x € [a, b] there
exists an integer N (independent of x and dependent on ¢) such that for all x in [a, b]

[F1(X) + Fo(x) + ... + £u(X) — f(X)| < &, forn > N
Cauchy’s Criterion for Uniform Convergence.

|
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Theorem 1.2.6. The sequence of functions {f,} defined on [a, b] converges uniformly on [a, b]
if and only if for every € > 0 and for all x € [a, b], there exists an integer N such that

[frap(X) = Fa(X) | <&, ¥N=N,p=1 ..(1.3)

Proof. Let the sequence of functions {f,} uniformly converge on [a, b] to the limit function f, so
that for a given € > 0, and for all x € [a, b], there exist integers ny, n, such that

| fa(X) = f(X)| < &e/2, Yn>n
and
frp(X) = f(X)[ <&l2, VN2>np p>1
Let N = max (ny, ny).
[frep(X) = Fa(X)] < [frep(X) — FOQ)] + [fa(X) — F(X)|
<gl2+¢el2=c¢, Vn>N,px>1

Conversely. Let the given condition hold so by Cauchy’s general principle of convergence, {f,}
converges for each x e [a, b] to a limit, say f and so the sequence converges pointwise to f.

For a given € > 0, let us choose an integer N such that (1.3) holds. Fix n, and let p— in
(1). Since f,,,—f as p — o, we get

[f(x) — f.(X)| < € v n>N,all x €[a, b]
which proves that f,(x) — f(x) uniformly on [a, b].
Other form of this theorem is :

The sequence of functions {f,} defined on [a, b] converges uniformly on [a, b] if and only if for
every € > 0 and for all x € [a, b], there exists an integer N such that

If.%) — fn(¥)| <&, VN, m>N

Theorem 1.2.7. A series of functions Xf, defined on [a, b] converges uniformly on [a, b] if
and only if for every € > 0 and for all xe[a, b], there exists an integer N such that

[frea(X) + fraa(x) +...+ frp(X)| <&, YN2N,p2>1 ...(1.4)
Proof. Taking the sequence {S,} of partial sums of functions 2_f,,, defined by

S, = 3, (%)
i=1

and applying above theorem, we get the required result.

DDE, GJUS&T, Hisar 6|



Real Analysis MAL-512

I oy
Example 1.2.8. Show that the sequence {f.}, where

f.(x) = 1+rr]|—);x2 for x e [a, b].
is not uniformly convergent on any interval [a, b] containing 0.
Solution. The sequence converges pointwise to f, where f(x) =0, V real x.
Let {f,} converge uniformly in any interval [a, b], so that the pointwise limit is also the uniform
limit. Therefore for given ¢ > 0, there exists an integer N such that for all xe[a, b], we have

nx

Ol<eg, Vn=>N

1+n?x?

If we take ¢ = % and t an integer greater than N such that 1/t € [a, b], we find on taking n =t

and x = 1/t, that

nx 1

1
T 4 =c
1+n?x? 2{3

which is a contradiction and so the sequence is not uniformly convergent in the interval [a, b],

having the point 1/t. But since 1/t—0, the interval [a, b] contains 0. Hence the sequence is not
uniformly convergent on any interval [a, b] containing 0.

Example 1.2.9. The sequence {f,}, where
f.(x) = X"

is uniformly convergent on [0, k], k <1 and only pointwise convergent on [0, 1].

Solution.

f(x) = lim fn(x)Z{i' ?:1“1

Thus the sequence converges pointwise to a discontinuous function on [0, 1]
Let € > 0 be given.
ForO0<x<k<1, we have

[f2(x) — f(X)] = x" <&
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n > log (1/€)/log(1/x)
This number, log (1/€)/log (1/x) increases with x, its maximum value being
log (1/€)/1og(2/K) in ]0, k], k > 0.
Let N be an integer > log (1/¢)/log(1/k).

Ifa(xX) —f(X)]<e, Vn>=N,0<x<l1

Again at x =0,

If.(X) — f(X)| =0 <e¢, V nx>1
Thus for any € > 0, 3 N such that for all xe[0, k], k<1

Ifa(X) —f(X)|]<e, Vn=N
Therefore, the sequence {f,} is uniformly convergent in [0, K], k < 1.

However, the number log (1/€)/log (1/x)—>o as x—1 so that it is not possible to find an integer
N such that |f,(x) — f(x)| <&, foralln>Nand all xin [0, 1]. Hence the sequence is not
uniformly convergent on any interval containing 1 and in particular on [0, 1].

Example 1.2.10. Show that the sequence {f,}, where

1
f =
n(X) X+ N

is uniformly convergent in any interval [0, b], b > 0.
Solution. The limit function is

f(x) = !imfn(x) =0 Vv x € [0, b]
so that the sequence converges pointwise to 0.
Forany ¢ >0,

00— fOl = <

if n > (1/e) — x, which decreases with x, the maximum value being 1/.

Let N be an integer > 1/¢, so that for € > 0, there exists N such that
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Ifa(xX) —f(X)|]<e, Vn=N
Hence the sequence is uniformly convergent in any interval [0, b], b > 0.

Example 1.2.11. The series 2. f,, whose sum to n terms, S,(X) = nxe‘”xz, is pointwise and not
uniformly convergent on any interval [0, k], k > 0.

Solution. The pointwise sum S(x) = lim S,(x) = 0, for all x > 0. Thus the series converges

pointwise to 0 on [0, K].

Let us suppose, if possible, the series converges uniformly on [0, K], so that for any € > 0, there
exists an integer N such that for all x > 0,

1S,(X) — S| = mxe ™ < e, vn>N (%)
Let No be an integer greater than N and e’¢?, then for x = 1/,/N, and n = N,
(*) gives
WNole <& = Ng < e’
So we arrive at a contradiction. Hence the series is not uniformly convergent on [0, k].

Note: The interval of uniform convergence is always to be a closed interval, that is, it must
include the end points. But the interval for pointwise or absolute convergence can be of any

type.
Mpn-Test for Uniform Convergence of Sequence
Theorem 1.2.12 Let {f,} be a sequence of functions, such that

lim fo(x) = (), X < [, b]

and let
M= Sup [fa(x) — F(X)]

xe[a,b]
Then f,— f uniformly on [a, b] if and only if M, — 0 as n—o.

Proof. Let f, —» f uniformly on [a, b], so that for a given € > 0, there exists an integer N such
that

If.(X) — f(X)| < &, vn>N, VXelahb]

— My= Sup [f,(X)—f(X)|<e,  ¥n=N
xe[a,b]

|
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= M, — 0,as n— o

Conversely. Let M, — 0, as h — oo, so that for any € > 0, 3 an integer N such that

|M,—-0]<Eg, vYnx>N
= Sup [f(X) — f(X)| <&, vn>N

xela,b]
= If.(X) — f(X)| < &, vnx>N, VXelab]
= f, — f uniformly on [a, b].

Example 1.2.13 Show that ‘0’ is a point of non-uniform convergence of the sequence {f.},
where f(x) = 1-(1 — x3)". in (0, V2)
Solution. We have
M, = sup {|f.(x) - f(x)| : x €]0, V2}
= sup {(1-x)"™ x €] 0, V2[}

1Y . 1
>1-= Taking X = —— €]0, /2
[ nj [ 9x=75e }
1
> Zas n—w,

e
Thus M,, cannot tend to zero as n—oo.
It follows that the sequence is non-uniformly convergent.
Also as n—o, x—0 and consequently 0 is a point of non-uniform convergence.
Example 1.2.14 Prove that the sequence {f,}, where

f.(x) = —=

1+ nx

X real

2 H

converges uniformly on any closed interval I.
Solution. Here pointwise limit,
X

f(x) = lim f,(X) = li =0, v xinl
(x) = lim fy(x) = lim i

M, = Sup|f, (x) —f(x)| =Sup

xel xel

1+ nx?

|
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X
Let =
y 1+ nx?
2
Yo 12 (Check)
dx 2 2
(1+nx )
For Maxima or Minima
d_y:O
dx
2
_ 1-nx -0
) 2
(1+nx )
1
= X = —= (Solving)
n

dx (1+nx2)
2
u :_ﬁ<0
Jn
Which shows that y is maximum when x = =3 and maximum value is
n
11
Va1 =01
maXlx=—", 1~ 2 " 2/n
1+n.—
Jno1en
Therefore,
1
M, = Sup|f,(x)—-f(x)|=Su = —>0 as n—ow
" xEluol () =T XEI? 1+ nx? 27n

Hence {f,} converges uniformly on I.

Example 1.2.15 Prove that the sequence {f,}, where f,(x) = x"* (1-x) converges uniformly in
the interval [0, 1].
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Solution. Here f(x) = lim x"1(1—x)=0 V¥ x €[0, 1].

Let y=[f,(x) - ()| = x"* (1-x)
Now y is maximum or minimum when

dy =(n-Dx"*(1-x)—-x"1=0
dx
X" [(n -1) (1-x)-x] = 0
or x=0or n_—l
n
2
Aso ! Z:—ve when x=""1
X n
n-1
M,=maxy = (1—%) (1—”7_1] —>%>< 0 =0 as n—oo.

Hence the sequence is uniformly convergent on [0, 1] by M,-test.

Example 1.2.16 Show that 0 is a point of non-uniform convergence of the sequence {f.}, where
fo(x) = 1-(1 - x%)".

Solution. Here

0 when x=0

f(x) = lim f_(x) =
() = im ,(x) {1 when 0 <| X |< +/2

Suppose, if possible, that the sequence is uniformly convergent in a neighborhood ]0, K[ of O

where k is a number such that 0 < k < +/2 . There exists therefore a positive integer m such that

[fm(X) — ()| < 3, taking € = 3,

ie., if (1 -x*)" < 3 for every xe]0, K[.

Since 1-(1-x)™—1 as x—0, we arrive at a contradiction. Hence 0 is point of non-
uniform convergence of the sequence.

nx

Example 1.2.17 Test for uniform convergence the series 2xe‘
n=0

in the closed interval [0, 1].
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: n —NX
Solution. Here f,(X) = > xe
n=1

= e):e 1(1+ eij (Sum of first n terms of G.P.)

0 where x=0

Now f(x) = lim f_(x) = X
) N () ¥  when0O<x<1

e* -1
We consider 0 < x < 1. We have
M = sup {|f,(x) — f(x)| : x € [0, 1]}

—_ )ex . c
=sup {—(ex “De” ' X [0,1]}

1/n
, ne” (Taking x=1e [0,1])
(e"" -De n
1/xn
Now lim 1/1?—6 |:Form 9:'
o (e —1) 0

~ lim 1/ne’"(-1/n?) + (=1/n%)e""

N> ee’" —(=1/n?)
— im 1/n+1) _ (0+1) :1_

n—oo e e e

Thus M, does not tend zero as n—o.
Hence the sequence is non-uniformly convergent by M-test.
Here 0 is a point of non-uniform convergence.

>— IS not uniformly convergent on any

Example 1.2.18 The sequence {f.}, where, f,(x) = 1n_x
+N°X

interval containing zero.
Solution. Here
lim f,(x) =0, V X

n—o0

|
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Now ——— attains the maximum value - at x =
1+n°x 2
take an interval [a, b] containing 0.
Thus
Mn= Sup [fa(x) — ()|
x e[a,b]
nx
= Sup |——
XE[a,b] 1+n°x

= % which does not tend to zero as n—oo.

L
n

S|

MAL-512

tending to 0 as n—oo. Let us

Hence the sequence {f,} is not uniformly convergent in any interval containing the origin.

Waeierstrass’s M-test for Uniform Convergence of Series of Function

Theorem 1.2.19 A series of functions 2_f,, will converge uniformly (and absolutely) on [a, b] if
there exists a convergent series 2.M,, of positive numbers such that for all x €[a, b]

If.(X)] £ M, for all n

Proof Let € > 0 be a positive number.

Since 2 M, is convergent, therefore there exists a positive integer N such that

IMps1 + Mo + ...+ Myl <e VNn2=N,px1 ...(1.6)
Hence for all xe [a, b] and for all n >N, p > 1, we have
frea(X) + Fraa(x) + ... Tep(X)] < [Fraa(X)] + [Frea(X)] + ...+ [Frep(X)] .17
< Mps1 + Mpso + .0+ My (Using 1.6)
<g ...(1.8)

(1.7) and (1.8) imply that Xf, is uniformly and absolutely convergent on [a, b].

Note: The converse of this theorem in no true, i.e., non-convergence of > M, does not imply

anything as far as 2_f,, is concerned.
Example 1.2.20 Test for uniform convergence the series.

N Y (i) Y ————

(n+x%)?’ n(L+ nx?)

DDE, GJUS&T, Hisar
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Solution. (i) Here uy(X) = )?

Now up(X) is maximum or minimum when % =0
X

or h+x)—4x*(n+x%) =0

X+ 2N —n’=0

, n. \/ﬁ
or 2= — e X=,|—.
3 3

2
) n
It can be seen that du_ngx) IS —ve when X = \/;

dx
n
Hence Max u,(x) = 3 > 3\/32 M. .
n) 16n
n+—
3

Therefore
luy(X)| <M, ¥V n>N.
But 2. M, is convergent by p-series test.

Hence the given series is uniformly convergent for all values of x by Weierstrass’s M test.

du, (x) 0.
X

(i) Here uy(x) is Maximum or minimum when le.,

n(1+nx)-2n"x*=0 or x==1(n).

It can be easily shown that x = N makes u,(x) a maximum.

Jn
1/vn 1

nl+1) 2.n%?

Hence Max u,(x) = =M. . But X M, is convergent by p-series test.
Hence the given series is uniformly convergent for all values of x by Weierstrass’s M-
test.

o0

Example 1.2.21 Consider  —————,
P nz_‘in(l+ nx?)

X
X eR.
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We assume that x is +ve, for if x is negative, we can change signs of all the terms. We have

f(x) = X
) n(+nx?)
and fl(x) =0
implies nx> = 1. Thus maximum value of f,(x) is 2%
n
Hence fo(x) < L
n( )— 2n3/2

X

Since Z% Is convergent, Weierstrass’s M-Test implies that Z is uniformly
n

“~n(@+nx?)

convergent for all xeR.

Example 1.2.22 Show that the series Zﬁ

is uniformly convergent for all x in R.
n=1(n+Xx%)

X

Solution. Here f (X)=————
n(X) (n+x%)?

and so f'(x) = (n+x2)2 —2x2(n4+ x2)2x
(n+x9)
Thus for maxima and minima, f; (x) = 0 gives
x*+ X2+ 20’ —4nx® - 4x* =0
—3x'—2nx*+n?=0

or X+ 2nx2—n*t=0

2 _ N _/n
or X =—=0rx=,|—
3 3

Also it can be easily seen that f(x) is —ve at \/g Hence maximum value of f,(x) is

3ﬁM

60> "

Since M, =Zn—12 is convergent by p-test, it follows by Weierstrass’s M-Test that the given

series is uniformly convergent.
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Examplel.2.23 The series Z . X ;g converges uniformly over any finite interval [a, b], for
nP +xn

()p>1,9=0 (i)0<p<lp+qg>2
Solution. (i) Whenp>1,9>0

x2>0 vxela,b]

- ni%?>0
= nP +nix*>n’ or
1 1
———<—
n® +n%%° n?

n®+ni%* nf
Therefore

X

L PO

where o > max {|al, |b|}.

The series XM, = (o / n°) converges for p > 1 by p-test.

Hence by M-test, the given series converges uniformly over the interval [a, b].
(i) When0O<p<l,p+qg>2

pP—q

at the point, where x = n

[f,(x)| attains the maximum value
1 (p+0)
2n?
1 _
[fn()] < =M

n% (p+a)

The series M= converges for p + g > 2 by p-test. Hence by M test, the given series

1(p+q)
2n2

converges uniformly over any finite interval [a, b].
Examplel.2.24 Test for uniform convergence, the series

2X ax®  8x’
n n -

1+x% 1+x* 1+x8

SXSl
2
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2nX2”—1

Solution. The nth term f,(x) =

| £200] < 2"(0)*"

1

where [X| < a < 5
The series Y2"()?" * converges, and hence by M-test the given series converges uniformly on

33

Abel’s Lemma

Lemmacl.2.25 If vq, v,,..., v, be positive and decreasing, the sum

UrVy + UV +...F+ upV,

lies between A v, and B v;, where A and B are the greatest and least of the quantities
Uy, Ug + Uy, Uy + Uy + Us,..., ug + Uy +...+ U,

Proof. Write
S,=u; + U +...+u,

Therefore
U =S, U=5,—-S5q,....,u, =S, — S;_1

Hence

n
DUV = UV F UV, L ugyy
i-1

=S V1 + (52 =S1) Vo + (S3-S2) va+...+ (Sh — Spo1) Vi
= S1(V1 — Vo) + Sp(Va —V3) ...+ Spa (Vo1 — Vi) + Spvy,
< A[Vi—Vo+ Vo —V3+ ...+ v —Vy+ V]
Similarly, we can show that
n
ZUi vi>Bwv;
i=1

Hence the result follows.
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Abel’s Test

Theorem 1.2.26 If a,(x) is a positive, monotonic decreasing function of n for each fixed value
of x in the interval [a, b], and a,(x) is bounded for all values of n and x , and if the series >un(x)
converges uniformly on [a, b], then >a,(x)u,(x) also converges uniformly.

Proof. Since a,(x) is bounded for all values of n and for x in [a, b], therefore there exists a
number K > 0, independent of x and n, such that for all xe[a, b],

0<a,(X)<K, (forn=1,2,3,...) ...(L.9)
Again, since 2.u,(x) converges uniformly on [a, b], therefore for any € > 0, we can find
and integer N such that

n+p

>u, (0

r=n+1

<%, Vn=N,p=>1 ...(1.10)

Hence using Abel’s lemma, we get

n+p n+q
X a(u(x)|<a (X max > u (X)
r=n+1 ' ' n+1 4=L12,...p|r=n+1 "

<K§:s, forn>N,p>1,a<x<b

= 2an(X) un(x) is uniformly convergent on [a, b].

n
Example 1.2.27 Show that the series X2 =) IX|" is uniformly convergentin — 1 <x < 1.
n

Solution. Since |x|" is positive, monotonic decreasing and bounded for —1 < x < 1, and the series

_ n
Zﬁ is uniformly convergent being alternating series, therefore by Abel’s test the series
n

AL
z( Y X|" is also convergent in -1 < x < 1.
n

Dirichlet’s Test

Theorem 1.2.28 If a,(x) is a monotonic function of n for each fixed value of x in [a, b], and
an(X) =0 uniformly for a < x <D, and if there is a number K > 0, independent of x and n, such
that for all values of x in [a, b],

> u, ()
r=1

<K, v n
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then the series 2. a,(x) un(x) converges uniformly on [a, b].

Proof. Since a,(x) tends uniformly to zero, therefore for any € > 0, there exists an integer N
(independent of x) such that for all xe [a, b]

lan(X)| < /4K, foralln>N

Let Sy(x) = > u,(x), forall x e[a, b], and for all n,

r=1
n+p
Z al’ (X)Ur(X) = an+1(X) {Sn+1 _Sn} + an+2(X) {Sn+2 - Sn+1} +...
r=n+1

+ an+p(x) {Sn+p - Sn+p—1}
=- an+1(x) Sn + {an+1(x) - an+2(X)} Sn+1 ..
+ {an+p—1(x) - an+p(x)} Sn+p—1 + an+p(X) Sn+p
n+p-1
= X {800 =21} SHX) — ana(X) Sn(X)
r=n+1
+ Apep(X) Spep(X)

n+p-1
< 218, (x) = asm ()] [SX)] + [ana(X)] [Sn(X)] +
r=n+1
* lansp(¥)] [Sn+p(X)
Making use of the monotonicity of a,(x)

n+p-1
D 1a () — a1 (X)] = ans1(X) — ansp(X)], fora<x <b,

r=n+1

n+p

22 (x)u, (x)

r=n+1

and the relation |S,(X)| < K, for all xe[a, b] and for all n =1, 2, 3,..., we deduce that for all
xel[a,b]andallp>1,n>N

n+p

2.2, (), (x)

r=n+1

€
< Klan+1(x) - an+p(x)| + RZK

cK E4E o
2K 2

Therefore by Cauchy’s criterion, the series 2.a,(X)u,(X) converges uniformly on [a, b].
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Example 1.2.29 Show that the series 2. (n+x7) is uniformly convergence for all values of x.
+

Solution. Let u, = (=1)™*, vy(X) .
N+ X

Since f(x) = Zur =0 or 1 according as n is even or odd, f,(x) is bounded for all n.
r=1

Also v,(X) is a positive monotonic decreasing sequence, converging to zero for all real values of
X.

Hence by Dirichlets test, the given series is uniformly convergent for all real values of x.

X2 +n

n2

Example 1.2.30 Prove that the series >.(-1)" , converges uniformly in every bounded

interval, but does not converge absolutely for any value of x.
Solution. Let the bounded interval be [a, b], so that 3 a number K such that, for all x in [a, b],
x| < K.

Let us take > u, = >(-1)", which oscillates finitely, and

_x?+n K?%+4n

n_ <
n? n?

Clearly a, is a positive, monotonic decreasing function of n for each x in [a, b], and tends to
zero uniformly fora<x <b.

2

Hence by Dirchlet’s test, the series >.(—1)" X ern converges uniformly on [a, b].
n
2 2
Again > [(-1)" X :n :ZX :n ~ Zl, which diverges. Hence the given series is not
n n n

absolutely convergent for any value of x.

n

X
n+1

Example 1.2.31 Prove that if § is any fixed positive number less than unity, the series >’
is uniformly convergent in [-9, J].

Solution. Let un(x) = x", v, = 1
n+1
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.
IX| <& <1, we have
£.00] = X + X2+ ...+ X"

< x|+ X +...+ x]"

d(L-38") - d
1-5  1-8
Also {v,} is a monotonic decreasing sequence converging to zero.

<§+8%+..+8"=

Hence the given series is uniformly convergent by Dirichlet’s test.

Example 1.2.32 Show that the series > (-1)"" x" converges uniformly in 0 < x <k < 1.
n=1
Solution. Let u, = (-1)™*, vy(x) = X".

n

Since f,(x) = Zur =0 or 1 according as n is even or odd, f,(x) is bounded for all n. Also
n=1

{vn(X)} is a positive monotonic decreasing sequence, converging to zero for all values of x in 0
<X <k < 1. Hence by Dirichlet’s test, the given series is uniformly convergent in 0 < X < k < 1.

Example 1.2.33 Prove that the series Zcosr?e

converges uniformly for all values of p > 0 in
an interval [a, 27 — af, where 0 < . < .

Solution. When 0 < p < 1, the series converges uniformly in any interval [a, 27 — o], o > 0.
Take a,= (1/n°) and u, = cos nO in Dirchlet’s test.

Now (1/nP) is positive monotonic decreasing and tending uniformly to zero for 0<
p<1,and

n
DU
t=1

n
D cos te‘ =|cos 0 + cos 20 + ...+ cos no)|
t=1

cos((n+1)/2)0sin(n/2)0
sin(6/2)

<cosec (a/2), V n, for 0 €fa, 2n — o]

Now by Dirchlet test, the series >.(cos n6/n’) converges uniformly on [a, 2 — o] where 0 < o
< 7. When p > 1, Weierstrass’s M-test, the series converges uniformly for all real values of ©.

1.3 Check Your Progress
Q.1. Define point-wise and uniform convergence, which one implies the other.

]
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Q.2. Fill in the blanks of the following results with your understanding:
a) The limit of integrals is not equal to the integral of the limit.
Consider the sequence {f,}, where
f.) = nx(1 —x)", 0<x<1,n=1,2,3,..
For 0<x<1, nImfn(x) =0

At x =0, each f,(0) =0, so that lim f,(0)=...............

Thus the limit function f(x) = lim f,(x) =0, for0 <x <1

1
jf(x)dx:o
0

Again,

.l[ f (x) dx= jnx(l— X OX =i

so that

lim {Jl‘ f.(X) dx} S e,

Thus,

1 1 1
lim {jfn dx};t_[f dx=_[[|im {fn}}dx
N—o0 0 0 0 nN—o0
Thus, the limit of integral is not equal to integral of limit.

b) Show that the sequence {f.}, where

fa(X) = nxe -n? , X >0 is not uniformly convergent on [0, k], k >0

Solution. Here

fx) = lim f,(x) = lim nxe ™

|
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Further
2
M= Sup [fo(x) — f(X)| = [nxe™ -0 | =y (say) |
xe[0,k]
Now, we have
y = nxe ™
Then Y (Evaluate)
dx
For Maxima or Minima
d_y = 0
dx
= ne ™ (1-2nx?) =0
1 .
= X = —=— (Solvin
o ( g)
d?y
e T i (Evaluate)
d x2
d_2y __ A e’2<0
dx2 1 J2n
X =—=
2Jn
Which shows that y is maximum when x = % and maximum value is
n
Ymax‘x 1 = n%.e‘".zi ST TR
Jon 2n n
Therefore,
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M, = Sup| f.(X)— f(x)| =Sup | nxe™ | = (2—j —> o as N—oow
xel xel €

Therefore the sequence is not uniformly convergent on [0, K].

1.4 Summary of Lesson

The chapter starts with definition of Point-wise convergence and Uniform convergence.
It is concluded that Uniform convergence —>Point-wise convergence, but the converse it not
true. Also the Point-wise and Uniform limits are same for any sequence and series of functions.
The Uniform convergence of several examples is checked by definition method, followed by
M,-test to check convergence of sequence of functions. Further Cauchy criterion for Uniform
convergence is proved. Next, the Weierstrass M-test, Abel’s test and Dirichlet’s test are proved
with several illustrative examples.

1.5 Key Words
1. Sequence and Series of real numbers.
2. Cauchy Criterion for convergence.
3. p-test for convergence of series of real numbers.
4. Alternating series test.

1.6 Self-Assessment Test
Q.1 Show by definition method that the sequences {nx(1 — x*)"} and
{n’x (1 — x*)"} are not Uniformly convergent on [0, 1].
Q.2 Show that the series: (1 —x?) + X(1 — X?) + 4, X*(1 = x*)+ ..... is not Uniformly
convergent on [0, 1].
Q.3 Use M, -test to check the Uniform convergence of the following sequences:

(i) {Sijfx},o <x<27
n

(ii) {L},OS x <k
n+X
Q.4 Use Weierstrass’s M-test to prove that the series > n~ is uniform convergent
in [1+6,0),6>0.

Q.5 Use Abel’s or Dirichlets’s tests to check the uniform convergence of series:

{i} Z'OLX”, X>1+a>1
n
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sin(1+§j, over any closed and bounded subset of R.

i} 2(:/15)

1.7 Answers to check your progress
A.1 The reader is suggested to study definition at beginning of chapter.

A.2 The following are answer in series to the blanks in

n 1
2n+2" 2°

2(a) 0,

2 : n )2
2(b) 0, ne™ (1-2nx?), -2 xne™ (3—2nx?), (Z_ej
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MAL-512: M. Sc. Mathematics (Real Analysis)

Lesson No. 2 Written by Dr. Vizender Singh

Lesson: Sequences and Series of Functions -1

Structure:
2.0 Learning Objectives
2.1 Introduction
2.2 Sequences and Series of Functions
2.3 Check Your Progress
2.4 Summary
2.5 Keywords
2.6 Self-Assessment Test
2.7 Answers to check your progress
2.8 References/ Suggested Readings

2.0 Learning Objective

e The learning objectives of this lesson are to study the use of continuity,
differentiability and inerrability in checking the uniform convergence behaviour if
sequence (series).

e To study under what condition term by term integration and differentiation is possible
in series of function.

e To study necessary and sufficient condition for a sequence (series) of continuous
functions to be uniform convergent.

e To study that every continuous function can be “uniformly approximated” by
polynomials to within any degree of accuracy.

2.1 Introduction

So far in earlier graduate classes, we have considered, most exclusively, sequence and series
whose terms are real numbers. It was only in particular case that the terms depend upon
variable. In this lesson, we shall consider sequence and series whose terms depends upon

]
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variable, i.e., those whose terms are real valued functions defined on interval as domain. The
sequences and series are denoted by {f,} and 2_f, respectively.

2.2 Uniform Convergence and Continuity, Differentiability and

Integrablity.
Theorem 2.2.1 Let {f } be a sequence of continuous function on [a, b] and if f, —f uniformly
on [a, b], then prove that f is continuous on [a, b]. Is the converse true ? Justify your answer.
Proof. Let £>0be given.

Since {f }is uniformly convergent on [a, b], by definition of uniform convergence of sequence
of functions, 3 a positive integer m such that

| £(}) —F(X) | <§ ¥n >mand X e[a,b] (D)
Let t be any arbitrary point of [a, b], then from (1), in particular, we have
ym04@|<EVn2m Q)

Since f,, is continuous on [a, b] for each neN = f, is continuous at te [a, b], therefore by
definition of continuity, then 3 6> 0 such that

[Fa(X) —Fa(t) | < % whenever |x —t| < & ..03)

Now,
| F0<) () [ = [ FX) — Fa(X) + FalX) - Fiu(t) + Fu(t) - F(1) |
< [F) = Fa(X) | + [fa(X) - Fa(t) | + [Fa(t) - F() |

<424ty whenever [x —t| < &
3 3 3

=T is continuous at t but te [a, b] is arbitrary. Therefore f is continuous on [a, b].
The converse of the theorem is not true. For example consider

nx

fn(X): W,XER,

|
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then f(x) = lim f,(X)= lim

Here, each f,(x) being quotient of two continuous function, hence continuous and the limiting
function f(x) = 0, is also continuous on R.

By example, 2.1.8 or 1.2.18 of chapter 1, f,(x) = “n—xxz x € R in not uniformly convergent

n2
in any interval containing 0.

Theorem 2.2.2 If the series > f converges uniformly to f in closed interval [a, b] and each of

its term is continuous at some point X, of interval, the prove that the sum function f is also
continuous at X,.

Proof. Let > 0be given.
Since the series > f converges uniformly to f in closed interval [a, b], therefore by definition
of uniform convergence of a series of function, 3 a positive integer m such that
|Zfr(x)—f(x)|<§ vn >mand x e[a,b] (D
r=1

Let t be any arbitrary point of [a, b], then from (1), in particular, we have forn =m

PRIEOINE )

Since f, is continuous on [a, b] for each ne N = Sum of finite number of functions, ) f is also

r=1

continuous at te [a, b], therefore by definition of continuity, then 3 6> 0 such that

13,00 F. ()] < % whenever [x — | < & ..03)

r=1 r=1

Now,

1160 F(01= 109~ 20,09+ 1,09~ Yf,0+ >1,0-0) |
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......

<fytitoy whenever [x —t| < &
3 3 3

=T is continuous at t but te [a, b] is arbitrary. Therefore f is continuous on [a, b].

Note: If the limit (sum) function of sequence (series) of continuous functions is not continuous
on interval, the convergence can’t be uniform. This conclusion is important to decide that the
limit function is not uniform.

Example 2.2.3 Show that the series

4 4
. X X

"L ey

is not uniformly convergent on [0, 1].

Solution. The terms of series are being quotient of continuous functions, so each term is
continuous on [0, 1].

4 4 4

Here Sn(X) = x* + X X +....+X—m
" 1+x* (1+ x“)2 (1+ x“) '
=(1+xY - ! — [By sum of G.P. Series]
(1+ x“)
Therefore, S(x) = lim [(1 +x*) - ;n—l]
N (1+ x“)

_|14x*, if0<x<1
0, ifx=0

which is discontinuous at x = 0 €0, 1]. Hence the given series is not uniformly convergent on
[0, 1].

Example 2.2.4 Show that the series, i(i- x).x" is not uniformly convergent on [0,1].
n=1

Solution. The terms of the series are continuous functions and converges point-wise to S(x),
where

1, if0<x<1

S = {o, if x =1
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which is discontinuous at x = 1 €[0, 1]. Hence the given series is not uniformly convergent on
[0, 1].

Example 2.2.5 Test for uniform convergence and continuity of sequence {f,} where
f.(x)=x",0 < x < 1.

Solution. Here, f,(x) =x", 0 < x < 1

The limit function f is given by

f(x) = lim f,(X)= lim x"=0,for0<x<1

but when x =1, the sequence converges to 1, therefore

1, if0<x<1
S(X) = |_ X
0, ifx=1

Clearly, f is discontinuous at x = 1 and hence f is discontinuous on [0, 1].

Also, f,(x) =x", 0 < x < 1 is being polynomial function so continuous on [0, 1] ¥ n.

Since, {f,} is sequence of continuous functions and its limit function f is discontinuous on [0,
1]. Therefore the sequence {f,} is not uniformly convergent on [0, 1].

There is special class of sequence (series) for which uniform convergent is equivalent to the
continuity of the sequence (series). In this concern, we give following theorem due to Italian
Mathematician.

Dini’s Theorem

Theorem 2.2.6 If a sequence {f.,} of continuous functions defined on [a, b] is monotonic
increasing and converges point-wise to a continuous function f, the convergence is uniform on
[a, b].

Proof. Since the sequence {f,} is monotonic increasing and converges point-wise to f on [a, b],
therefore by definition of point-wise convergence, for given £>o0and each x in [a, b], 3 a
positive integer N such that

0<f(x)-fu(X)< ¢ ..(1)
Let Ry(x) =f(X) - fy(x),n=1,2,3 ...
Then, f,+.1(X) = f,(X) Vn eN = - f.1(X) < -f,(X) Vn eN
= f(X) - frr1(X) < f(X) - f(X) VN eN
= Ry(X) = Rp1(X) VN eN ...(2)
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= the sequence {R,(x)} is monotonic decreasing and bounded below by zero.

Thus, the sequence {R.(x)} converges point-wise to 0 on [a, b]. Since every monotonic
decreasing sequence which is bounded below converges to infimum.

However, if (1) and (2) hold for all xe[a, b] and independent of N, then the convergence is
uniform.

Suppose, if possible that, for certain ¢,> 0, no such N independent of x exists. Then for each n
=1, 2, ..., there is X, €[a, b] such that
Rn(Xn) > g, ...(3)

The sequence {x,} of points in [a, b] is bounded, therefore by Bolzano Weierstrass’s theorem,
the sequence has at least one limit point say & in [a, b].

= Jasub-sequence say { x, }of {x,}such that x, — fask — o.
Now, kIim Rmn(X,,) = Rm(klim X, ) = Rm(&)

[Rn(x) being difference of two continuous functions is continuous]
But for every m and any sufficiently large k, we have ny > k> m and from (2) and (3), we get

Rm(X,, ) = Rng (X, )> ¢,
= kIim Rm(X, ) =Rm(&)> g, forany m,
which is contradiction toklim Rm(&) = 0. Hence the theorem.

Theorem 2.2.7 If the sum function of a seriesd f , with non-negative continuous terms

defined on the interval [a, b] is continuous on [a, b], then the series is uniformly convergent on
the interval.

Proof. The partial sums, S,(x) = > f (x), with non-negative continuous terms f,, form a non-

r=1
negative decreasing sequence of continuous functions, converges point-wise to continuous
function f. Therefore by previous theorem, the sequence converges uniformly and thus the
series is also uniformly convergent.

Uniform Convergence and Integration

________________________________________________________________________________________________________________________________|]
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Theorem 2.2.8 Let o be monotonically increasing on [a, b]. Suppose f, e R(a) on [a, b], for n
=1, 2, 3, ... and suppose f, — T uniformly on [a, b]. Then f eR(a) on [a, b] and

[feod(a@)=lim [1, dx)).

Proof. Let £ >0be given.
Let us choose n>0such that

nla(®) - a@)] < - (1)
Since f, — f uniformly on [a, b], therefore by definition of uniform convergence, 3 positive
integer m such that
| fn(X)—f(X) | < n V xelab] ...(2)
Further, as f,, € R(a) on [a, b], 3 a partition P = { a = Xq, Xy, ...., X, = b} of [a, b] such that
U(P, fmy, @) - L(P, fm, @) < % ..03)
From (2), on solving, we have
fn-m <f(X)<fn+ 7 ...(4)

From (4), we get
fm-m <f(x) or f, <f(x) + 7

- > (F), A0, < Y f,.Aa, + nfa() - ofa)]
- L(P, fmy @) <L(P, f, o) + % [Using (1)] ...(5)
Similarly, again from (4), we have
f(x) <fm+m
- UP, f, @) <UP, fm o) + % [Using (1)] ...(6)

Adding (5) and (6), we obtain

UWJJU+HREHM<UWJWQ)+%+uﬂﬂa)+%
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Or

UP, f, «)-L(P, f, o) <UP, fmy o) - L(P, fryy o) + %

< £y % - e [Using (3)]

€
3
= UP,f, a)-L(P, T, a)<e

Therefore, f eR(a) on [a, b].

Now we shall prove second result.

Since {f,} converges uniformly to f, therefore given £> 0, 3 a positive integer m such that

| £(}) —F(X) | <% vn >mand X e[a,b] ..(7)
Then Yn >mand x €[a,b], we have
b b b
| [f09d(@)) - [ £, d(@e) | = | [ (F~F,) do |
b

i|(f—fn)|da < [e.da

a

IA

A

< ¢fa(b)-a(a)]< ¢

= { I f d(a(x))} converges uniformly to jf(x)d(a(x))on [a, b].

Hence [ f(x) d(a(x)) = lim j f d(a(x)).

Term by Term Integration
Theorem 2.2.9 If the series ) f, converges uniformly to f on [a, b] and each of its term is

b b
integrable on [a, b], the f is integrable and the series Z(J'fn daj converges uniformly to jf da

on [a, b], i.e., iifn (x) da:iifn(x) do

n=1, n=14,

Or
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Prove that a uniformly convergent series of function may be integrated term by term.
Proof. Let S;(X) = fy(X) + fo(x) + ... + fy(X)

Since each f,, is integrable, therefore their sum is also integrable

= f, eR(a)

Since, > f, converges uniformly to f on [a, b],

={Sn(X)} converges uniformly to f on [a, b].

By definition of uniformly convergent sequence of functions, given £> 0, 3 a positive integer
m such that

€

109109 | < 5™

vn >mand X €[a,b] ...(D)

From (1), on solving, we get

€ €

510 - 555 <[ <8 + 5 ey
From (2), we have
€
00 <8109 + 5
b b .
= [ f(X) da < an(x) da+—=
a a 2
b b .
Or [fX)da<[S (x)da+—= [Sh eR(a)] ...(3)
a a 2
Similarly, from (1), we get
b b .
jf(X)da>an(x)da—— [Sh eR(a)] ...(4)
a a 2
B -4) =
b b b b .
Jf(x) do - [f(x)do < [S_(x)da-[S () du+ =
a a a a 2

|
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b b
= [f(x) do - [f(x)da < &
a a
But ¢ is arbitrary small,
b b
[f(x) do - [f(x)da =0
a a
b b
- [f(x) da = [ f(x) do
a a

= f eR(a)on [a, b].
Now, from (3) and (4), Vn > m

b e b b c
[S (X)da-—= <[f(X)da<[S (x)da+= or
a n 2 a a n 2

¢ b b €
-— <[f(X)do—[S _(x)da <=
2 3 a " 2

b b e
= | [f(x)da—[S_(x)da | <= or
a a 2

[0 (o) =lim [, d(ax)), i.e.

lim 3 [1, dlac)= | (ifn (x)jd(a(x»

a\n=1

Note: The converse of the above is neither asserted nor true, i.e., a series or a sequence may
converge to an integrable limit without being uniformly convergent.

Uniform Convergence and Differentiation

Theorem 2.2.10 Let {f,} be a sequence of differentiable functions on [a, b] such that it
converges at least one point X, € [a, b]. If the sequence of differentials {f/} converges

uniformly to G on [a, b], then the given sequence {f,} converges uniformly on [a, b] to f and
{f'}=G.

________________________________________________________________________________________________________________________________|]
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Proof. Let £ >0be given.
By the convergent of {f,(Xo)} and uniform convergence of {f }on [a, b], 3 a positive integer N
such that

[frep(X0) — Fa(Xo) | < % vn >N, p>landx e[ab] ~..(D)
fl _ fl e
(0= 101 < 2"

Applying Lagrange’s Mean Value theorem to the function (fy., — f) for any two points x and t of
[a, b], wegetforx < &<t ,foralln > N,p > 1

| frep(X) = Ta(X) - Trap() + Fu(t) | = X - 1 [F,, () — £ (S

bty -.0)

vn >N, p>land x e[ab] ...(2)

< ...(3A)

&
2
and

| 1:n+p(X) - fn(X) | = | 1:n+p(x) - fn(X) - fn+p(XO) + 1:n(XO) | + |fn+p(X0)_ fn(XO) |
=g [using (1) and 3A]
= The sequence {f,} uniformly converges on [a, b].

Let it converges to f, say
For a fixed x in [a, b] and te[a, b], t =X, let us define

4,.(0) = w h=123.. @)

H(t) = f(ti'f(x),nzl,z,s,... ..(5)

Sine each f, is differentiable, therefore for each n
lim ¢ (t)= f/(t) ...(6)

Therefore,

|
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| ¢n+p (t) _¢n (t) | = ﬁlfmp (t) - fn+p (X) - fn (t) - fn (X)l
== Ko () - T, (O3 {f,,, () -, 00}
|t-x]
< 2(b8- ” vn>N,p>1 [using(3)]

So that { ¢, (t) } converges uniformly on [a, b], for t = x.

Since {f,} also converges uniformly to f, therefore from (4)

fn (t) - fn (X) - f(t) B f(X) - ¢(t)

t-X t-X

lim ¢,(t) =
Thus { ¢, (t) } converges uniformly to ¢(t) on [a, b], for tin [a, b] with t =X.
lim 4= lim £ =G(X)
= !L”l #(t) exist
Therefore by (5), we have f is differentiable and !'fl o) = f'(t)

Hence,
f'(x)=G(x) = lim f/ (x).

Theorem 2.2.11 If each f, is differentiable on [a, b] and ) f!(x) converges uniformly on [a, b].
Also if > f (x) converges for some X, in [a, b], then > f (x) converges uniformly on [a, b] to
sum function f(x) and
(%) =Zfr: (x) on [a, b].
Proof. Let S(x) = f1(x) + fo(x) + ... + f,(x) on [a, b].
Since each an (x) converges as Xo in [a, b] ={Syx} also converges at as X, in [a, b].
Further proceed as in previous theorem.
Example 2.2.12 Show that the sequence {f,} where

f(x) = —>

1 + nx?

converges uniformly to function f on [0, 1] and the equation
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|
£'00= lim f(x).

.....

Is true if x= Oand false if x = 0. Why s0?

Solution. By example 1.2.14 of (lessonl), the sequence {f,(x)} is uniformly convergent on [0,
1].

Further since, f(x) =0
= f'(x) =0 Vv xe[0,1]
when x =0,

(1+nx?)(1) -x.2nx _ (1-nx?)

fr:(X) = (1+ n X2)2 - (1 +n X2)2

_ 2
lim £ (x) = lim 1) [fForm}
n—ow n—ow (1+n X ) 00
: - x*
—lim——*__=0=f(x
n—e 2(1+ n x*)x? )

so that if x =0, the formula f'(x) = lim f;(x) is true.

Atx =0,
fr:(o) = lim fn(O + h) -fn(O)
h—0 h
h
h—0 h
= lim =1
h—01+nh

So that lim f (0) =1 = f(0)
Hence, at x = 0 the formula f'(x) = lim f/(x) is false.

This is because the sequence {f,(x)} is not uniformly convergent in any interval containing
zero.
Example 2.2.13 Show that the series for which

nx
S (X)=———, 0<x<1
"X 1+n%x?

________________________________________________________________________________________________________________________________|]
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......

cannot be differentiated term by term at x = 0.

Solution. Here, S, (x) = 1 X 0<x<1

1+n%x2’

f(x) = lim S,(x)= lim ———=0for 0<x<1
n—co n-x 1+n°X

Therefore, f'(0)=0

S,(0+h)-S,(0)

S (0)= I!lm) .
— || n—h
Also h—0 1+ n’h?
nh
=lim——-—=n
h=01+ n*h?
= limS (0) =00
Thus f'(0) = lim S, (0)

Hence the given series cannot be differentiated term by term.

sin nx

Example 2.2.14 Show that the function represented by z is differentiable for every x

CcOS nx
and its derivative is Z

n=1

Solution. Here f,(x) = sin nx

COS nX.n _ COS nX

f'(x) = =
) = n’ n’
cos nx
= Zf x) = Z
. cosnx| 1 1.
Since > F Vv x and ZF is convergent by p-test,
n n=1

DDE, GJUS&T, Hisar 40 |



Real Analysis MAL-512

Therefore by Weierstrass’s M-test, the series ) f!(x) is uniformly convergent foe all x and

n=1

hence ifn (x) can be differentiated term by term.

n=1

(ifn(x)j DR

2. sin nNx . €COS NX
= (Z 3 }:Z 2 -

n=1 n n=1 n

Example 2.2.15 Show that the sequence {f.}, where

n2x, if 0<x< 1
n
f (X)=<-n’x+2n, if igxﬁg
n n
0, if 2 <x<1
n
is not uniformly convergent [0, 1].
n2x, if 0<x< L
n
2 - 1 2
Proof. Here f (x) =<-n’x+2n, if =<x<=
n n
0, if 2 <x<1
n

The sequence {f,} converges to f, where f(x) =0 V¥ x [0,1].

Each function f, anf f are continuous on [0, 1].
Also

N

1
1 n n 1
= 2 —2 =
!f dx ;[n xdx+.1[(n x+2n)dx+J2'0dx 1

n n

1
But If(x)dx:o
0

________________________________________________________________________________________________________________________________|]
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1 1
lim jfn dx¢jf () dx .
noe 0 0
Example 2.2.16 Show that the series
i nx  (n-1)x
Zl1+n®x® 1+(n-1)°x°

can be integrated term by term on [0, 1], although it is not uniformly convergent on [0, 1].

Solution. Here

n x (n-1) x
fo(X) = -
) 1+n*x* 1+(n-1)>x*
— X -
fl(X) - 1+ X2
f,(X) = 2X X

1+22%2 1+%2

3X 2 X

f3(X): 1+32X2 -1+22X2

n x (n-1) x
fu(x) =
n() 1+n2x2 1+(n_1)2X2
_ nx
Therefore,  Sp(X) = ity
f - 1 - n X _
= (X) = lim Sy(x) = lim il v xe[0,1].

Clearly, x = 0 is the point of non-uniform convergence of the series.

n x
1+n? x?

1 1 1
Now, [f () dx=0and [S,(qdx= | dx:zimg (1+n?)
n
0 0 0

1
= lim jsn(x) dx = lim %.Iog (1+n?) =0 (Check)
0
1 1
Since lim jsn(x) dx:jlim S, (x) dx
0 0

]
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Therefore, the series is integrated term by term on [0, 1], although it is not uniformly
convergent on [0, 1].

The Weierstrass Approximation Theorem

Theorem 2.2.17 Let f be a real continuous function defined on a closed interval [a, b] then there
exists a sequence of real polynomials {P,} such that lim P,(x) = f(x), uniformly on [a, b].
N—o0

Proof. If a=Dh, we take P,(x) to be a constant polynomial, defined by P,(x) = f(a), for all n and
the conclusion follows .

Soleta<b.

The linear transformation x’ = (x — a)/(b — a) is a continuous mapping of [a, b] onto [0,
1]. So, we takea=0,b=1.

The binomial coefficient (E] Is defined by

n =L , for positive integers n and k when 0 <k <n,
k) ki(n-k)!

The Bernstein polynomials B,, associated with f is defined as

Bn(X) = i@xka—x)“—k f(k/n),n=1,2,3,...,and xe[0, 1]

k=0
By binomial theorem,
é@xk(l =)=+ (-] =1 (D)
Differentiating with respect to x, we get
kZé@ [k X1 — %)™ - (n —k) X1 —x)" =0
or

Z(njxk‘l(l—x)”‘k‘l(k —nx)=0
k=0 k
Now multiply by x(1 — x) , we take

n

Z@xk (1 =)k -nx) =0 )

k=0
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Differentiating with respect to x, we get

n

z[ ) [ —nx (1 = )" + X1 - )"k —nx)?] =0

n
k=0 k

Using (1), we have

Z[E) X1 = )"k = nx)? = n
k=0

and on multiplying by x(1- x), we get

n

Z@x“(l )" —nx)? = nx(1 — X)

k=0
or
i(”jxk(l ) (x — kiny2 = X3=%) .3)
=\k n
The maximum value of x(1 - x) in [0, 1] being .
S Mk o xm (x—krny2 < - @)
=\k ~4n

Continuity of f on the closed interval [0, 1], implies that f is bounded and uniformly
continuous on [0, 1].

Hence there exists K > 0, such that
If(x)| < K, Vv x €]0, 1]

and for any ¢ > 0, there exists & > 0 such that for all xe[0, 1].

[f(x) — f(k/n)| < L &, when |x — k/n| < 6 ...(5)

2
For any fixed but arbitrary x in [0, 1], the values 0, 1, 2, 3,..., n of k may be divided into
two parts :

Let A be the set of values of k for which |[x — k/n| < &, and B the set of the remaining
values, for which |x — k/n| > &.

For k €B, using (4),

|
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Nk n—k 2 n\ - , 1
g‘g(k]x (L-x)""5 Sé(k}( (L—x)"*(x=k/n) SH

Nk n—k
1— < ...(6
D) e ©
Using (1), we see that for this fixed x in [0, 1],
nin
[f(x) — Bn(X)| = Z(kJXk(l—X)”k[f(X)—f(k/n)]
k=0
< Z(E]xk (1= )" [f(x) — f(k/n)|
k=0
Thus summation on the right may be split into two parts, according as X —k/n| < &

or [x —k/n| >9. Thus

109~ 8001 = [ (10" 1F69 ~ ()

keA

+ z@xk(l — X)"*[f(x) — f(k/n)|

keB

€
<EZ

keA

(ijk(l—x)”k +2KZ(E]XK (1-x)"*

keB
< el2 + 2K/4nd% < ¢, using (1), (5) and (6),
for values of n greater than K/e8.
Thus {B(x)} converges uniformly to f(x) on [0, 1].
Example 2.2.18 If f is continuous on [0, 1], and if

1
[x"f(x)dx=0, forn=0,1,2,... (1)
0

then show that f(x) = 0 on [0, 1].
Solution. From (1), it follows that, the integral of the product of f with any polynomial is zero.

Now, since f is continuous on [0, 1], therefore, by ‘Weierstrass approximation theorem’, there
exists a sequence {P,} of polynomials, such that P,—f uniformly on [0, 1]. And so P,f—f
uniformly on [0, 1], since f, being continuous, is bounded on [0, 1]. Therefore,

|
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N—o0o

1 1
[#2dx = lim [P.f dx =0, using (1)
0 0

- f£=00n[0, 1]. Hence f =0 on [0, 1].
2.3 Check Your Progress
Fill the blanks in the following questions with your understanding.

Q.1. Given the series ifn for which

n=1

S,(X) = 2—:]2 log (1+n“x?), ¥ x €[0,1]

Show that the series an' does not converge uniformly, but the given series can be
n=1

differentiated term by term.

Proof. Here S,(X) = % log (1+n*x?), Vxe[0,1]

Therefore, f(x) = lim Sy(x) = lim z—izlog A+ = oo v x [0,1] (Check)

Hence f(x)=0
Also nlm S (X)= nl'fl ................ =0 V x€[0,1] (Check)
(9 = lim S,
Thus term by term differentiable is holds.
The series ifn’ does not converge uniformly for x€[0,1], since the sequence {S (x)} =

n=1

n® x : .
m} has zero as point of non-uniform convergence.

Q.2. If ) a, is convergent, then show that Z%is uniformly convergent on [0, 1].

Proof. Let f,(X) = a, and gn(X) = nix
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The series » a (x)=)_f (x)is convergent (given)

Since it is independent of X, so it is uniformly convergent on [0, 1].

Also, {nix} Is monotonic decreasing on [0, 1] and | gn(X)| = |nixl = nix <. =1
Therefore, the sequence {gn(x)}is ...oovvevvnnnnnn. and bounded on [0, 1] for all n in N.

Hence by Abel’s test, the series Y f, ., 0,(X) = Zi—; is uniformly convergent on [0, 1]

n(x

2.4 Summary of Lesson

The lesson starts with important theorem stating that if a sequence (series) of continuous
function converges uniformly, then the limit function is also uniformly convergent but converse
is not true. The converse is assured by Dini’s Theorem with an additional condition that the
sequence of functions must be monotonically increasing. Further the lesson states that term by
term integration and differentiation is possible in case of uniformly convergent series not
function, but converse in not true as is asserted by many examples. Finally the lesson end with
Weierstrass Approximation Theorem.

2.4 Key Words

1. Sequence and Series of real numbers.

2. Cauchy Criterion for convergence.

3. p-test for convergence of series of real numbers.
4. Alternating series test.

2.5 Self-Assessment Test

Q.1. Show that the sequence whose n™ term is f,(x) = 1% can be integrated term by
nx

term on [0, 1], but not uniformly convergent on [0, 1].
Q.2. Show that the series for which S,(x) = nx(1 — x)" can be integrated term by term
on [0, 1].

2.6  Answers to check your progress
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4
AL O (L z_j

2n® 1+n* x?
1 . .
A.2. —, Monotonic decreasing.
n

2.7 References/ Suggested Readings
1. W. Rudin, Principles of Mathematical Analysis (3rd edition) McGraw-Hill,
Kogakusha,1976, International student edition.
2. T.M.Apostol, Mathematical Analysis, Narosa Publishing House, New

Delhi,1985.
3. R.R. Goldberg, Methods of Real Analysis, John Wiley and Sons, Inc., New

York, 1976.
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MAL-512: M. Sc. Mathematics (Real Analysis)
Lesson No. 3 Written by Dr. Vizender Singh

Lesson: Power Series & Linear Transformation

Structure:
3.0 Learning Objectives
3.1 Introduction
3.2 Power Series
3.3 Linear Transformation
3.4 Differentiation in R"
3.5 Check Your Progress
3.6 Summary
3.7 Keywords
3.8 Self-Assessment Test
3.9 Answers to check your progress
3.10 References/ Suggested Readings

3.0 Learning Objective

e The learning objectives of this lesson are to get knowledge of power series whose
terms are functions rather than real numbers.

e To know by Abel’s theorem that assures the interval of uniform convergence can be
extended up to and includes those end points.

e To study the concept of Linear Transformation R" space and its uniqueness.

e To get know about the notion of differentiation in R" and its chair rule in R" Spaces.

3.1 Introduction

The terms of series which we have studied in earlier classes so far were of most part
determined numbers. In such cases the series may be characterized at having constant terms.

This, however, was not everywhere the case. In geometric seriesZrn , for instance, the term
only become determinate when value of r is assigned. In the present lesson, the study of
behavior of this series did not terminate mere statement of convergence or the divergence, the

|
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result: the series converges if|r|<1, but diverges if|r|>1. The solution thus depends, as do the

term of series, on the value of quality left undetermined by a variable. In this lesson we propose
only to consider, in detail within the scope of the present work, series whose generic term has
the forma, x".

3.2 Power Series
Definition 3.2.1 A of the form

o0
B+ aX + X . FaX + .= > ax”
n=0

This is called power series (in x) and the numbers a, (dependent on n but not on X) it’s
coefficients.

If a power series converges for no value of x other than x = 0, then we say that it is nowhere
convergent. If it converges for all values of x, it is called everywhere convergent.

Thus if >a.x" is a power series which does not converge everywhere or nowhere, then a definite
positive number R exists such that Ya,x" converges ( absolutely) for every |x| < R but diverges
for every [x| > R. The number R, which is associated with every power series, is called the
radius of convergence and the interval, (-R, R), the interval of convergence, of the given power
series.

Theorem 3.2.2. If lim|a, |1’”=%, then the series Xa,x" is convergent (absolutely) for [x] < R

and divergent for |x| > R.
Proof. Now

T X

lim |a,x" |1’“=u

N—>o0 R

Hence by Cauchy’s root test, the series >.a,Xx" is absolutely convergent and therefore convergent
for |x| < R and divergent for |x| > R.

Definition 3.2.3 The radius of convergence R of a power series is defined to be equal to
1

1/n

——, whenlim|a,['">0
lim|a, |
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w when lim|a, [*" =0

0 when lim|a, /" =

Thus for a nowhere convergent power series, R = 0, while for an every-where convergent power
series, R = .

Theorem 3.2.4 If a power series Y.a,x" converges for x = X, then it is absolutely convergent for
every X = Xq, when [xy| < [Xg|.

Proof. Since the series >.a,xg is convergent, therefore a,xg — 0, as n — oo.

Thus, for & = 1 (say), there exists an integer N such that

lanxg - 0] < £, forn>N, and so

n
1
< 2

n

lanX{' | = lan x5 | - ,forn>N

21 21
0 0

n

. . . . X
IS a convergent geometric series with common ratior = |-

Xo

<1.

But Z

Therefore, by comparison test, the series > Ja, x{ | converges.

Xy
Xo

Hence >a,x" is absolutely convergent for every x = x;, when |Xy| < [Xg|.

Theorem 3.2.5 If a power series >.a,x" diverges for x = x’, then it diverges for every x = x”,
where |X"'| > |X|.

Proof. If the series was convergent for x = x"" then it would have to converge for all x with |x| <
IX"’|, and in particular at x’, which contradicts the hypothesis. Hence the theorem is obvious.
Example 3.2.6 Find the radius of convergence of the series

x2 x°

(i)x+7+§+... (i) 1+ x+21 2+ 31+ 41 x* + ...

: . 1
Solution. (i) Here a_ = —
N n!

_ Iim(n+1)! _ Iim(n+1) n!:OO

n>o nl n—o n!

an

a

The radius of convergence R = lim

n—oo

n+1
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Therefore the series converges absolutely for all values of x.
(i) Here a = n!

|
=lim (n)! = IimL: 0. Therefore the series

oo (n+1)! oo (n+1) nl

an

an +1

The radius of convergence R = lim

n—oo

converges for no value of x, of course other than zero.

Example 3.2.7 Find the interval of absolute convergence for the series Zx” /n".

n=1
Solution. It is a power series and will therefore be absolutely convergent within its interval of
convergence. Now, the radius of convergence

_ 11
I|m|an |1/n - 1 1/n
lim|—
n

Hence the series converges absolutely for all x.
Theorem 3.2.8 If a power series Y.a,x" converge for [x| <R, and let
f(x) = 2ax", [x| <R.
then >a,x" converges uniformly on [-R + &, R—¢], where £ > 0 and that the function f is
continuous and differentiable on( —R, R) and
f'(x) = Xnax ! x| <R (1)
Proof. Let ¢ > 0 be any number given.
For |x| <R — &, we have
|aX"] < |an|(R — &)™
But since Ya,(R—¢€) ", converges absolutely, therefore by Weierstrass’s M-test, the series Y>.a,x"
converges uniformly on [-R + &, R—¢].

Again, since every term of the series Y.a.x" is continuous and differentiable on (-R, R),
and Xa,x" is uniformly convergent on [-R + ¢, R — ¢], therefore its sum function f is also
continuous and differentiable on (-R, R).

Also

lim |na, [""=lim(n¥")|a, " = 1/R
n—oo N—o0

________________________________________________________________________________________________________________________________|]
DDE, GJUS&T, Hisar 52 |



Real Analysis MAL-512

Hence the differentiated series Yna,x" " is also a power series and has the same radius of
convergence R as Ya.x". Therefore Yna,x"* is uniformly convergent in [-R + ¢, R —¢].

Hence
f'(x) = Zna.x"", X <R

Uniqueness Theorem

Theorem 3.2.9 If X a,x" and X b.x" converge on some interval (-r, r), r > 0 to the same
function f, then

a, = b, forall neN.

Proof. Under the given condition, the function f have derivatives of all order in (-r, r) given by

f9%) = Yn(n-1) (0-2) ... (n —k+1) a, X"

n=k

Putting x = 0, this yields

f490) = [kac and (0) = |k bx
for all k € N. Hence

a, = by for all keN.
This completes the proof or the theorem.

Abel’s Theorem (First form)

Theorem 3.2.10 If a power series Zanx” converges at x = R of the interval of convergence
n=0

(-R, R), then it is uniformly convergent in the closed interval [0, R].
Proof. Let S, =am R™ +a,u R™*+...+ 2, R, p=1,2,...
Then ,

a5+R™" = Sy

2 _
an+2Rn+ - Sn,2 - Sn,l

8npR™ = S — Snps (D)

Let € > 0 be given.

|
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Since the number series > a R" is convergent, therefore by Cauchy’s general principle of
n=0

convergence, there exists an integer N such that for n > N,
|Sngl <€, forall q=1,2,3,... ...(2)

X n+p X n+p-1 X n+l
(—j s(—j s...s(—j <1 ,for0<x<R
R R R

and using (1) and (2), we have for n > N

Note that

n+1 n+2 n+
|an+1X + an+2X +. . .+ an+px p|

n+1 n+2 n+p
= anﬂR““[ij +an+2R”+Z(1j +...an+pR“+p(ij
R R R
X n+1 X n+2 X n+2 X n+3
) Snﬂ{[ﬁ) % }*Sﬂ{(ﬁ) % }
n+p-1 n+p n+p
X X X
*S“'p-l{(ﬁj 3 }*Sw(ﬁ)
X n+1 X n+2 X n+2 X n+3
Suldl = —[Z S.Lll=] -|=
'”'ll{(Rj [R) }” ”*2'{(Rj (Rj }+
n+p-1 n+p n+p
X X X
*'S“'p-l'{(ﬂ %) }*'Snvp'(ﬁj

IA

A
m
f_H
VR
2 | %
N——
=}
x
|
VR
| %
N————
=}
e
+
7N\
| x
N——
>S5
8
|
VR
2 | %
N———
=}
&
+

n+1
= a(%j <eg foralln>N, p>1, and for all xe[0, R].
Hence by Cauchy’s criterion, the series converges uniformly on [0, R].

|
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Note: If a power series with interval of convergence (-R, R), diverges at end point x = R, it
can’t be uniformly convergent on the interval [0, R].

For otherwise, if the series is uniformly convergent on [0, R], it will converge at x = R as
well, which contradict to given condition.
Abel’s Theorem (Second form)
Theorem 3.2.11 Let R be the radius of convergence of a power series >.a.x" and let f(x) =
Yax", for -R < x < R. If the series >.a,R" converges, then
lim f(x) = Xa,R"

Xx—R-0

Proof. Taking x = Ry, we get
YaxX' =>a,R"Y"=>by", where b, =a,R".

It is a power series with radius of convergence R’, where

R=__ 1
lim|a,R"['"

So, there is no loss of generality in taking R = 1.

Let > a,x" be a power series with unit radius of convergence and let
0

f(x) = D a,x", —1<x<1. If the series Ya, converges, then
0

X—1-0

lim f(x) =ian
0

LetS,=ap+a;+a,+...+a, S.;=0,and let > a, =S, then
n=0

m m m-1 m
> a X" => (S, =S, X" =D S x"+S™x"->'S X"
n=0 n=0 n=0 n=0
m-1 m
= 38 x"=x D5 X"t +8,x™
n=0 n=0

m-1
=(1-X) D Syx" +Spx™"

n=0
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For [x| < 1, when m—oo, since S,—S, and x™—0, we get
fx)=(1-x)> s,x", for 0<x<1.
n=0

Again, since S,—S, for € > 0, there exists N such that
ISi—S| < €/2, foralln >N
Also

(1-x) > x"=1,|x|<1 ...(3)
n=0
Hence for n > N, we have, forO <x <1,

[f(x) - S| = (1—><)§‘,Sn><n —S‘ [by 1]
n=0

[oy 3]

= (1—x)i(sn -S)x"
n=0

<(1—x) ZN]SH -S| x" +§(1—x) ix“ [by 2]
n=0

n=N-+1

N
<(1-x) YIS, -S|x" +§

n=0

N
For afixed N, (1-x) Z| S, —S|x" is a positive continuous function of x, and vanishes at x = 1.
n=0

Therefore, there exists 6 > 0, such that for 1-6 < x < 1,

N
(1-x) IS, —SIX"<e&l2.

n=0
- [FO) =S| < §+§=e,when 1-5<x<1

Hence Jim f(x)=8=§an

Example 3.2.12 Prove that
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2 4 6
l(tan’lx)2 :X——X—(l+l)+x—(l+1+lj +...., —1<x<1.
2 2 4 3 6 5

Solution. We have

tan X = x — X—3+X—5—£ +...,-1<x<1
3 5 7
and
A+x)t=1-x+x' =x®+...,-1<x<1
Both the series are absolutely convergent in (-1, 1), therefore their Cauchy product will
converge absolutely to the product of their sums, (1 + x*)™* tan"*x in (-1, 1).

AL+x) tanx=x - T NCI EPE S N .., —1<x<1
3 3 5
Integrating,
2 4 6
%(tan‘1 x)? :X——X—(1+1J+X—[1+1+lj -..., —l<xx<1
2 4 3 6 3 5

the constant of integration vanishes.

The power series on the right converges at x = 1 also, so that by Abel’s theorem,

2 4 6
%(tan‘lx)z=X——X—(1+lj+x—(1+l+1)—...,—1<x£1
2 4 3 6 3 5
Example 3.2.13 Show that
2 3 4
log (1+x):x—x—+x——x— +...,-1<x<1,
2 3 4

and deduce that
log2=1 —%+%—21[ -

Solution. We know
A+x)t=1-x+x*-x3+..., —1<x<1

Integrating,

2 3 4
Iog(1+x):x—x7+%—xT +..., —1<x<1

|
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the constant of integration vanishes as can be verified by putting x = 0.

The power series on the right converges at x = 1 also. Therefore by Abel’s theorem

x2 x® x*

log(l+XxX)=x—- —+—-"—+..., —1<x<1
o ) 2+3 4

At x =1, we get, by Abel’s theorem (second form),

—_— - — 1 1 1
= lim +xX)=1—-d14+2_L1 4

Example 3.2.13 Show that

2 3 4

%[log(ux)]z=X?—%(1+%)+XT(1+|%+%)—..., ~1<x<1
We know
Iog(1+x):x—ﬁ+x—3+ﬁ+..., -1<x<1
2 3 4
and
A+x)t=1-x+x*-x+x'-..., —1<x<1

Both the series are absolutely convergent in ]-1, 1, therefore their Cauchy product will
converge to (1 + x) " log (1 + x). Thus

1 1 31 1 1
+X) " log(1 +X) = X —x 2 2'3)—..., —1l<x<
1 1| 1 2 +2 +X +2+3 1 1
Integrating,
Liogae P =X X avhy X el - 1<x<d
2 2 37 2 47 2 3 7

the constant of integration vanishes.
Since the series on the right converges at x = 1 also, therefore by Abel’s.

Theorem, we have

2 X3

1 2 _ X x4 1
E[Iog(1+x)] =5 "3 @+ 2)+

4
X—(1+1+1) —...,—1<x<1
4 2 3

3.3 Linear Transformations

Definitions 3.3.1 (i) Let X be a subset of R". Then X is said to be a vector subspace of
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R"if ax + by e X forall x, y € X and a, b any scalars.
(i) If X1, Xa,..., Xn € R"and ¢y, Cy,.... ¢y, are scalars, then the vector
X = C1X1 + CoXo + ...+ ¢pX, IS called a linear combination of Xy, Xo,...., X,.
(iii) If ScR" and if A is the set of linear combinations of elements of S, then we say
that S spans A or that A is the linear span of S.
(iv) We say that the set of vectors {Xy, X,,...., Xp} is linearly independent if
CiXg+CXo+...t¢cX, =0 = ¢ =Cy...=¢c,=0.

(v) A vector space X is said to have dimension k if X contains an linearly independent
set of k vectors but no independent set of (k + 1) vectors. We then write dim X = k.
The set consists g of 0(zero vector) alone is a vector space. Its dimension is 0.

(vi) A subset B of a vector space X is said to be a basis of X if B is independent and B

spans X.

Remark 3.3.2 (i) Any set consisting of the 0 vector is dependent or equivalently, no

independent set contains the zero vector.

(ii) If B = {Xq, Xa,... Xm} IS @ basis of a vector space X, then every xe X can be

expressed equally in the form

m
X = ZCiXi . The numbers ¢4, Cs,..., ¢y, are called coordinates of x with
i=1

respect to the basis B. The following theorems of vector-space will be utilized.
Theorem 3.3.3 If a vector space X is spanned by a set of k vectors, then dimension of
X <Kk.

Theorem 3.3.4 Let X be a vector space with dim X =n. Then

(i)  Aset Aof nvectors in X spans X < A is independent.

(i)  X'has a basis, and every basis consists of n-vectors.

@) If1<r<nand{y, Ys...., i} is an linearly independent set in X. Then X has a basis

containing {y1, Yo,...., yr}-

Definition 3.3.5 Let X and Y be two vector spaces. A mapping T : X—Y is said to be Tinear
Transformation if (i) T(X; + Xp) = Ty + TX,

|
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(if) T(cx) =cTx V xg, X, € X and all scalars c.

Linear transformations of X into X will be called linear operators on X. Observe that T(0) =0
for any Linear Transformation T. We say that a Linear Transformation T on X is invertible iff T
is one-one and onto. T is invertible, then we can define an operator T~* on X by setting T(Tx)
=x V xeX. Also in this case, we have T(T *x) = x ¥ xeX and that T is linear.

Theorem 3.3.6 A Linear Transformation T on a finite dimensional vector space X is one-one
< the range of T is all of X, i.e., T is onto.

Definition 3.3.7 (i) Let X and Y be vector spaces. Denote by L(X, Y), the set of all

Linear Transformations of X into Y. If T, T, € L(X, Y) and if ¢y, ¢, are scalars, we define
(1 Ty +CoTo)x =c Tix + CTox V xeX. Also ¢, T, +¢,T, € L(X, YY)

(i) Let X, Y, Z be vector spaces and let

T e L(X, Y), UeL(Y, 2) the product UT is defined by (UT)x = U(Tx), xeX. Then
UTeL(X, Z) . Observe that UT need not be the same as TU evenif X =Y =Z.

(iii) For TeL(R", R™), we define the norm ||T|| of T to be the l.u.b |[Tx|, where x ranges over all
vectors R" with |x| < 1.

Observe that the inequality |Tx| < |[T|| x| holds for all xeR". Also if A is such that |[Tx| < A|x| V
x eR", then ||T|| < A.

Theorem 3.3.8 Let T € L(R", R™). Then ||T|| < o and T is a uniformly continuous mapping of
R" into R™.
Proof. Let E = {ey, e,, ... ey} be the basis of R" and let x € R" with |x| < 1. Since E
spans R", 3 scalars ¢y, C;, ..., ¢y S. t. X = 2.cig; S0 that | Xciei| = |x| < 1.
= lcil<1fori=1,....n.
Then, we have
|TX| = [T(cre1 + Co€ +...+ enXy )|
=X ciTel <X cil [Tei| < X[Teil.
As we know that
ITII'= Sup. {ITx| : [Ix] <1}
Also by definition of || T|| and linearity of T, |[T(X)|| < ||T|| |[x|| for all x € R".

________________________________________________________________________________________________________________________________|]
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n
It follows that || T|| < >’| Te; | < co.

i=1
For uniform continuity of T, observe that
TX =Tyl = [T =Y <[TIl x-yI, (X, y, € R")

So for & > 0, we can choose & = ﬁs. t,

X—y|<d = |Tx-Ty|<|T|| ?”:s.

€
[
Therefore T is uniformly continuous.
Theorem 3.3.9 If T, U e L (R", R™) and c is a scalar, then
[T+ Ul < IT]| + |O[], [|cTI] = [el [[T]
and L(R", R™) is a metric space w.r.t. metric d(U, W) = ||U - W|| for all U, W, € L(R", R™).
Proof. For any x € R" with ||x|| < 1, we have
(T + U)x| = |Tx + Ux| < [Tx| + |UX]
< (T +{ju

Hence ||[T + U|| <|[T|| +||V]|
Similarly, we can prove that ||cT|| =|c| |[T]]

To prove that L(R", R™) is a metric space, let U, V, W, € L(R", R™), then clearly d(U, W) >0
and d(U, W) =d(W, U).

d(U, W) =[|U - W] =[|(U V) + (V -W)|| < [[U-V]] + [[V-W]|
< d(U, V) +d(V, W).
which is the triangle inequality.
Theorem 3.3.10 Let C denote the set of all invertible linear operators on R".

() ITeC,[TY=21, UeL(R)and|U-T|=B< o, thenUe C
o
(i)  C isan open subset of L(R") and the mapping f : C — C defined by f(M=T"
vV T € V is continuous

Proof. For all xeR", we have
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X| = [T x| < ITY [TX| = 1 |TX| so that
a

(a—B) x| = alx] = BIX| < [Tx| = [IU =T|| [X]
<|TX| - [(U-T)X| = |TX| — |UX, =TX|

= |Tx| — |Tx— Ux|
< |TX|= (T | = Ux]) = |UX]
Thus |JUX| = (a—B) |X] V xeR" ..(1)
Now Uy,=U, =U,-U,=0 = U(Xx-y)=0
= Ux=y)|=0 = [(a—P)| [x-yl=0by (1)
= X-y|=0 = a-y=0 = x=y.

This shows that U is one-one.
Also, U is also onto. Hence U is an invertible operator so that Ue C.

(i) Asshown in (i), if T € C, then o = ” L is s. t. every U with ||[U-T|| < a belongs to C.

TL
Thus to show that C is open, replacing x in (1) ||by U™y, we have
(0—=B) Uy < |UUT Yl = Iyl
So that (o=B) U1 Iyl < Iyl or U] < (a—p) ™
Now [f(U) - f(T)|= U - T Y= lU(T-U) T
< UHHIT=Ul T

1, 1
<(oB)" B =
o
This shows that f is continuous since p—0 as U—-T.

3.4 Differentiation in R"

Definition 3.4.1 Let A be an open subset of R", xeA and f a mapping of A into R™. If there
exists a linear transformation T of R" into R™ such that

im l[f(x+h)|_h]|C(X)]_Th| o

(A)

Then f is said to differentiable at x and we write

DDE, GJUS&T, Hisar 62 |



Real Analysis 9 MAL-512
W % A —
f'x)=T ...(B)

The linear transformation T is called linear derivative of f at x.
This can be written in the form

f(x + h) — f(x) = hT + r(h), where, % ,0ash—0

Uniqueness of the derivatives

Theorem 3.4.2 Let A be an open subset of R", x €A and f a mapping of A into R™. If f is
differentiable with T =T, and T = T,, where T;, T, € L(R", R™), then T, =T,.

Proof. Let U =T, — T,, we have
[Uh| = [(T1 — To)h| = [(T1h — T>h)|
= |T:h —f(x + h) + f(x) + f(x + h) — f(X) — T,h|
= [Tih —f(x + h) + f(X)| + [f(x + h) = f(x) - Th|
= [f(x + h) —f(x) — T:h[ + [f(x + h) — £(x) — T2h|

|U_h|<|f(x+h)——f—(x)—Tlh|+|f(x+h)—f(x—T2h|
h | Ih Ih

— 0 as h— 0 by (A) differentiability of f.
For fixed h =0, it follows that

'U(tn|)| > 0ast—0 (D)

|t,
Linearity of U shows that U(th) = tUh, so that the left hand side of (1) is independent of t.
Thus for all heR", we have Uh=0 = (T;-T,)h=0 =T;h-T,h=0
= T.h=T)h = T,=T,
The Chain Rule of Differentiation

Theorem. Suppose E is an open subset of R", f maps E into R™, f is differentiable at xocE, ¢
maps an open set containing f(E) into R, and g is differentiable at f(x,). Then the mapping F of
E into R* defined by

F(x) = g(f(x)) is differentiable at x, and

F'(Xo) = g'(f(Xg)) '(Xo) product of two linear transformations.
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DDE, GJUS&T, Hisar 63 |



Real Analysis MAL-512
| Ay ol I —

Proof. Let yo = f(Xg), T = f'(Xo), U = g'(Yo) and define
u(x) = f(x) — f(xo) — T(x— o)
v(y) = 9(y) — 9(yo) — U(y — Yo)
r(x) = F(x) = F(xo) = UT (X = Xo)

We want to prove that F'(Xo) = UT, that is,

lim [ r(x) |
x—>x0|X—X0|

The definition of F, r and y, show that
r(x) = g(f(x)) — 9(yo) — UT(X — Xo)

Now UT (X — Xo) = U(T(X — Xo)) = U(F(X) — yo — f(X) + f(X0) + T(X — Xo))
= U(f(X) — yo) — U(F(X)—F(X)—T(X—Xo)) by linearity of U.
Hence r(x) = [9(f(x)] — 9(yo) — U(F(X) — Yo)] + [U(f(x) — f(X0) — T(x—Xo))]
= Vv(f(x)) + U(u (x))
By definition of U and T, we have
We have M—>Oasy—>y0andM—)Oasx—mo.
| Y=Y | | X—Xq |

This means that for a given € > 0, we can find n > 0 and
& > 0 such that [v(y)| < & |y — Yol = & [f(x) — f(xo)| if [y — yo| <m and
[u(X)| < e[x — Xg| If |X —Xo| <.
It follows that
IVFO))| < & [f(X) — F(Xo)| = & [u(X) + T(X — Xo)|

<euXx)l + & [T(x = Xo)|

<€ X — Xo| + & |[T|| [x—Xo| .2
and
JUUE)) < [JU]] Jux)[ < € [JU]] [X = Xqf ...(3)
if [X —Xo| <&

|
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[re) 1 _ [v(f(x)) U (u(x)) |
| X=% | | X=% |

< Ao | V)|

- |X_Xo| |X_Xo|
<&+ ¢|[T|| + €|Vl [Using (2) and (3)].
<& < g whenever |x — Xq| <39.

[r()]

Hence

It follows that —0 as X—>Xo.

Xo
Second Proof. Put y, = f(Xg), A = f'(Xo), B = g'(yo) and define

u(h) = f(xo + h) — f(xo) — Ah,

v(K) = g(Yo + K) — g(yo) — BK vV heR" k eR"™
for which f(xo + h) and g(y, + k) are defined.

Then, |u(h)| = ¢|h|, |v(k)] = n|k| where ¢ -0 as h—0 and n—0 as k—0 (as f and g are
differentiable)

Given h, put k = f(xo + h) — f(xg). Then
[kl = |Ah -+ u(h)[ < [[IA]| + €] |h| (2
(by definition of F(x))
and
F(Xo + h) — F(Xo) — Bah = g(yo + k) — g(yo) — Bah
= B(k — Ah) + v (k)
Hence (1) and (2) imply that for h = 0,

| F(xq +h) —F(xo) — BAh|
|h

Let h—0, then e>0 . Also k-0 = n—0. It follows that F'(x,) = BA.
3.5 Check Your Progress

Q.1. Define Power Series, Radius of Convergence and Interval if Convergence.

<[iBll e + [IAll + €]n

Fill the blanks in the following:

|
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n
Q.2. Find the radius of convergence of power series,

241
Solution. Here a_ =2ni so that

1
1™ A |

n

R= Ilim
n — o

a

n+1

|
>
8
VR
N
"INy
+
_I_
Ple
N——

Therefore, R = 2.

Q.3. By above theorem 3.2.8, f has derivatives of all orders in (-R, R),
which are given by
fM(x) = > n(n-1..(n—-m+Da,x"",

and in particular,

fM0) =i ,(m=0,1,2,...)
Q4. 1f T e L(R", RM and U e L(R™, R¥), then
[UTI < JUf[ [IT]|
Proof. We have |(UT)x| = |U(TX)|< ............. <[Vl IIT X
= T < ([l [[T]]-

Q.5. Define differentiation in R".
3.6 Summary of Lesson
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The behavior of a power series at x| = R, depends totally on the character of sequence
{a,} of its coefficients. For example, both the series zx—2 and ZX— converges when |x| < 1 and
n n

diverges when [x| > 1. But when |x| = 1 the first series converges while the second diverges at x
= 1, and converges at X = -1. The Abel’s theorem assures that the interval of uniform
convergence can be extended up to and included those end points. If T € L(R", R™), then |[T]| is
finite and T is a uniformly continuous mapping of R" into R™. The set L(R", R™) is a metric
space. The derivative on R" is unique and follow chain rule of differentiation.

3.7 Key Words

Power Series on Number, Cauchy Root Test, Vector Space, Linear Transformation, Basis
Set, Linear Dependent Set, Linearly independent Set, Differentiation and Norm of Operator.

3.8 Self-Assessment Test

Q.1. Determine the radius of convergence and interval of convergence for the

following power series:

{i} S ii} Z(X;nl)n

iii} Zm(xn—fz) v} 21.3.15'.?.'.?&:—1) <

2 4

Q.2. Show that the series: 1 + x + X?JFT +..., [-1, K]. 0 <k < 1 is uniformly

convergent.

3.9 Answers to check your progress
A.l. Read Definition 3.2.1.

n+l
A2. lim [2 *1)2

n — oo 2n+1
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A.5. Read Definition 3.4.1
3.10 References/ Suggested Readings
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MAL-512: M. Sc. Mathematics (Real Analysis)
Lesson No. IV Written by Dr. Vizender Singh

Lesson: Functions of Several VVariables

Structure:
4.0 Learning Objectives
4.1 Introduction
4.2 Function of Several Variable
4.3 Check Your Progress
4.4 Summary
4.5 Keywords
4.6 Self-Assessment Test
4.7 Answers to check your progress
4.8 References/ Suggested Readings

4.0 Learning Objective

e The learning objectives of this lesson are to consider function of more than one
variable to study its properties like, limit, continuity and differentiability.

e To study the sufficient condition for a function of two or more variable to be
continuous and differentiable.

e To study sufficient condition for equality of partial derivative f,, = f,,, in the form of
Young’s and Schwarz’s theorem.

e To study Taylor’s theorem which express a two variable function in power of x and y.

e To study existence theorem, known as Implicit function theorem, that specifies
conditions which guarantee that a functional equation define an implicit function
even though actual determination may not be possible.

4.1 Introduction
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So far attention has mainly been directed to function of single independent variable and the
application of differential calculus to such functions has been considered. In this lesson, we
shall be mainly concerned with the application of differential calculus to the function of more
than one variable. The characteristic properties of a function of n independent variable may
usually be understood by the study of a function of two or three variables and its restriction of
two or three variable will be generally maintained. This restriction has the considerable
advantage of simplifying the formulae and of reducing mechanical labour.

If X, y are two independent variable and variable z depends for its values on the values of X,
y by functional relation

z=1(x,y)

then we say z is a function of x, y. The ordered pair of numbers (X, y) is called a point and
the aggregate of the pairs of numbers (X, y) is said to be domain (region) of definition of the
function.

4.2 Partial Derivatives

Let f be a function of two or more that two (several) variables, then the ordinary
derivative of f with respect to one of the independent variables, keeping all other independent
variables constant is called the partial derivative. Partial derivative of f(x, y) with respect to X is
generally denoted by of/ox or f, or f,(X, y). Similarly, those with respect to y are denoted by

ofloy or f, or f(X, y).
i: lim f(X+0x,y)—f(X,y)
X 5x—0 OX

when these limits exist.

The partial derivatives at a particular point (a, b) are defined as (in case the limits exist)

£ (a.b) = lim f(a+h,tr)])—(a,b)

h—0

fa,b) = lim f(a,b+kz—f(a,b)

Example 4.2.1 For the function f(x, y),where
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Xy
: X, 0,0
f(x,y) = {x*+y? ()00
o (x,y)=(0,0)

both the partial derivatives exist at (0, 0), but the function is not continuous at (0, 0) .
Solution. Setting y = mx, we see that
m m

: . X.mx .
lim f(x,y)=lim ————=Iim ;= >
x->0 x>0 X“4+m°xX" x»01+m” 1+m

So that the limit depends on the value of m, i.e., on the path of approach and is different for the
different paths followed and therefore does not exist. Hence the function f(x, y) is not

continuous at (0, 0). Again
£(0,0) = lim 1O+N0O=TO0) _;,0_,

h—0 h h—0 h

£(0.0+k)—(0,0)
K

(0, 0) = lim

T
k—0 k

Definition 4.2.2 Let (X, y), (X + dx, y + dy) be two neighboring points and let
Of = f(x + ox, y + 8y) — f(X, y)
The function f is said to be differentiable at (X, y) if
of = A dx + B 3y + dx ¢(dX, dY) + 3y y(oX, dY) ...(1)

where A and B are constants independent of 6x, oy and ¢, y are functions of dx, oy tending to
zero as 0x, dy tend to zero simultaneously.

Also, A dx + B dy is then called the differential of f at (x, y) and is denoted by df. Thus
df = Adx + B 8y
From (1) when (8x, 8y) — (0, 0), we get
f(x + ox,y +8y) —f(x,y) > 0
or
f(X + 0x, y +8y) — (X, y)
= The function f is continuous at (X, y)
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I oy
Again, from (1), when 8y = 0 (i.e., y remains constant)

of = A ox + 6X ¢(8X, 0)

Dividing by 6x and proceeding to limits as 6x — 0, we get
of
o A

Similarly
of
v

Thus the constants A and B are respectively the partial derivatives of f with respect to x
andy.

B

Hence a function which is differentiable at a point possesses the first order partial
derivatives thereat. Again the differential of f is given by

df = Adx + B oy = Zf—xax+%8y
Taking f = x, we get dx = dx.
Similarly taking f = y, we obtain dy = dy.
Thus the differentials dx, dy of x, y are respectively 6x and 8y, and

of of
df: &dX'FEdy:fde'*'fydy (2)

is the differential of f at (X, y).

Note: If we replace 8x, dy, by h, k in equation (1), we say that the function is differentiable at a
point (a, b) of the domain of definition if df can be expressed as

df =f(a+h, b+ k) — f(a, b)
= Ah + Bk + ho(h, k) + ky(h, k) (3

where A = f,, B = f, and ¢, y are functions of h, k tending to zero as h, k tend to zero
simultaneously.

Example 4.2.3 Let

]
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%3 _y3
——, (X,y) # (0,0
Fx,Y) = | x? 142 (x,y) #(0,0)
0, (X,y)=(0,0)
IS continuous, possesses partial derivatives but is not differentiable at the origin.
Solution. Here put x =rcos 0, y =rsin 6,
e AR 30 _ cin3 _ 2,2
| = [r(cos™0 —sin“0)| < 2|r| = 2/x" +y° <g,
X +y
if
2 2
2 € 2 €&
X< =, —
8 yos 8
or, if
& &
X< —=,|y|k—=
x| i Vi< 7
x3—y? € €
-0/ <&, when|x|< Y
Xy & | Izﬁlyl o2
3 3
= im =Y =¢
(x¥)=>(0,0) X +y
= lim f(x,y)=1(0,0
oim o) T ¥) =10, 0)
Hence the function is continuous at (0, 0).
Again,
£(0,0) = lim 1O =00 _; h=0_,
h—0 h—>0 h
£0.0)= i TOR=FOO .~k _
k—0 k k-0 K
Thus the function possesses partial derivatives at (0, 0).
If the function is differentiable at (0, 0), then by definition
df = f(h, k) — f(0, 0) = Ah + Bk + h¢ + ky (1)
when A and B are constants (A = f,(0, 0) = 1, B = f,(0, 0) = —1) and ¢, v tend to zero as (h, k)

(0, 0).

|
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Putting h = p cos 0, k = p sin 0, and dividing by p, we get
c0s®0 — sin®0 = cosO + ¢ cos O + y sin O ..(2)
For arbitrary 6 = tan™* (h/k), p—0 implies that (h, k) — (0, 0). Thus we get the limit,
0s°0 — sin®0 = cos O — sin O
or
cos 0 sin 6(cos 6 —sin 6) =0
which is plainly impossible for arbitrary 6.
Thus the function is not differentiable at the origin.
Example 4.2.4 Prove that the function
fx, ) = 1y |
is not differentiable at the point (0, 0), but f, and f, both exist at the origin .
f(h,0)—f(0,0) 0

Solution. (0, 0) = lim =lim—=0
h—0 h h—0h

£0,0) = fim 1OR=TOO _ ., 0
k—0 k—0 k

If the function is differentiable at (0, 0), then by definition
f(h, k) — (0, 0) = Oh + Ok + h¢ + ky
where ¢ and  are functions of h, k and tend to zero as (h, k) — (0, 0).
Putting h = p cos 0, k = p sin 6 and dividing by p, we get

|cos 6 sin 6]*2

=¢CcosO+ysind
Now for arbitrary value of 6, p—0 implies that (h, k) — (0, 0).
Taking the limit as p—0, we get
|cos 6 sin ]2 = 0.
which is impossible for all arbitrary 0.
Example 4.2.5 The function f, where
x2 _y2
)= 1Y 57y
0, if x=y=0

if x2+y?#0

________________________________________________________________________________________________________________________________|]
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is differentiable at the origin.
Solution. It is easy to show that

f«(0,0) =0 =f,(0, 0)
Also when x? + y* £ 0,

5/2

XAy +4xy? —y® | B(x% +y?
|fx|:| y - );Zy |£ ( - y2)2 :6(X2+y2)1/2
(x“+y7) (x“+y7)

Evidently

lim f,(X,y) =0=1(0, 0)

(x,y)—(0,0)
Thus f is continuous at (0, 0) and f,(0, 0) exists,
=  fisdifferentiable at (0, 0)
Partial Derivatives of Higher Order

If a function f has partial derivatives of the first order at each point (x, y) of a certain
region, then f, f, are themselves functions of x, y and may also possess partial derivatives.
These are called second order partial derivatives of f and are denoted by

iﬁ :ﬂ =f.=f

OX \ OX Ox? X2
2

iﬁ :6_2 :fyy:fz

oy oy y

o(of) o _

o1t = fyy

ox\ oy ) oxoy

o (of o

B LI = f,

oy\ox ) oOyox

Thus(in case the limits exist)
f. (@+h,b)—f,(a,b)
h

fo(a, b) = lim

h—0
f,(a+h,b)—f,(a,b)
h
f (a,b+k)-T, (a,b)
k

fuo(a, b) = lim

fyu(a, b) = im
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1
f,(a,b+k)—f,(a,b)

k
Change in the Order of Partial Derivation
Consider an example to show that f,, may be different from f,,.
Example 4.2.6 Let

......

fiy(a b) = lim

2 2
f(x, y) = ny(%yy) (x, ) # (0, 0),

f(0, 0) = 0, then at the origin f,, = f,.
Solution. Now
f,(h,0)-f,(0,0)
h

(0, 0) = Jim

£,00, 0) = E%M:J”&% =0

f(hK)-F(hO) _ . hk(h®—K*)
k

fy(h, 0) = |I<|E2> >0 k-(h2 +k?)

_ .. h-0 _

fiy = LmT =1

Again
- L fx (0,k)—fx(0,0)

f,x(0, 0) = L'E?J ”
But

£(0,0) = lim 1O =100 _,

h—0 h

f(hK-FOK) _ . hk(h® =k

f,(0, k) = li K =rR)__
0.k il h h-0 h(h? +k?)
. —k-0 _

f,,(0, 0) = f,,(0, 0)
Sufficient Conditions for the Equality of f,, and f,,

|
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We have two theorems to show that f,, = f, at a point.

Young’s Theorem

Theorem 4.2.7 If f, and f, are both differentiable at a point (a, b) of the domain of definition of
a function f, then

(@ b) = fu(a, b)

Proof. We prove the theorem by taking equal increment h both for x and y and calculating ¢(h,
h) in two different ways.

Let (a + h, b + h) be a point of this neighbourhood. Consider
¢o(h,h)y=f(a+h,b+h)—f(a+h,b)—f(a, b+h)+f(a b)
G(x) = f(x, b + h) — f(x, b)

so that
d(h, h) = G(a + h) — G(a) (1)

Since f, exists in a neighbourhood of (a, b), the function G(x) is derivable in (a,a+h) and
therefore by Lagrange’s mean value theorem, we get from (1),

¢o(h,h)=hG’'(a+6h), 0<b6<1
= h{fy(a + 6h, b + h) — f,(a + 6h, b)} ...(2)

Again, since f, is differentiable at (a, b), we have

fi(a+ 6h, b + h) —f(a, b) = Bhy(a, b) + hfy(a, b)

+ 0hdy(h, h) + hyy(h, h) ...(3)

and

f(a + 6h, b) — f(a, b) = 6hf,(a, b) + 6hd,(h, h) ..(4)
where ¢, v1, ¢, all tend to zero as h—0.
From (2), (3), (4), we get

o(h, hy/h® = f,(@, b) + B0y(h, h) + ys(h, h) — Bda(h, h) ...(5)
Similarly, taking

H(y) =f(a+h,y)-f(ay)
we can show that

d(h, h)Ih* = f,(a, b) + da(h, h) + 8'ya(h, h) — 0'ya(h, h)...(6)
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where ¢s, v», 3 all tend to zero as h—0.
On taking the limit as h—0, we obtain from (5) and (6)

im0 — ¢ (@ b) =4, b)

h—0 h?

Schwarz’s Theorem

Theorem 4.2.8 If f, exists in a certain neighbourhood of a point (a, b) of the domain of
definition of a function f, and f,, is continuous at (a, b), then f,,(a, b) exists, and is equal to fy,(a,
b).
Proof. Let (a + h, b + k) be a point of this neighborhood of (a, b).
Take
do(h, k) =f(a+h, b+ k) —f(a+ h, b) —f(a, b + k) + f(a, b)
G(x) = f(x, b + k) — f(x, b)
so that
d(h, k) =G(a+h) - G(a) ...(1)
Since f, exists in a neighbourhood of (a, b), the function g(x) is derivable in (a, a + h),
and therefore by Lagrange’s mean value theorem, we get from (1)

o(h, k) = hG'(a + 6h), 0<0<1
= h{f,(a + 6h, b + k) —f,(a + 6h, b)} (2)

Again, since fy, exists in a neighbourhood of (a, b), the function f, is derivable with
respect to y in (b, b + k), and therefore by Lagrange’s mean value theorem, we get from (2)

d(h, K) = hkf(a+6h, b+0'k), 0<0'<1

or

i{f(a+h,b+k)—f(a+h,b)_f(a,b+k)—f(a,b)}
h k k

= f,,(a + Oh, b + O'K)

Taking limits when k—0, since f, and fy, exist in a neighbourhood of (a, b), we get

f h,b)-f (a,b ]
y@FRD) 1, @D) Lt (a+oh b+ 0k)

h k—0 yX

Again, taking limits as h—0, since f,, is continuous at (a, b), we get

|
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fi(a, b) = lim lim f(a + 0h, b + 0'k) = f,.(a, b)

Note: If the conditions of Young’s or Schwarz’s theorem are satisfied then fy, = f,, at a point
(a, b). But if the conditions are not satisfied, we cannot draw any conclusion regarding the
equality of f,, and f,. Thus the conditions are sufficient but not necessary.

Example 4.2.9 Show that for the function
X2y2
——, (X,y)#(0,0
f(X, y) = < x% +y? (x.y)=(0.0)
0, (x,y)=(0.0)
the conditions of Sujwarz’s Theroem and Young’s Theroem are not satisfied
Solution. Here f,,(0, 0) = f,,(0, 0) since

f(x,0)-f(0,0)
e e

£,(0, 0) = lim 0

x—0
Similarly, f,(0, 0) = 0.
Also, for (x, y) = (0, 0).
(xZ+y?).2xy? -x?y?2x  2xy*

(X, y) = =
oY) (x2 +y2)? (2 +y2)?
2x*y

f (X, =_="-J

Y( y) (x2+y2)2
Again

(0, 0) = lim OV =1:00) _

y—0 Yy

and

f,y(0, 0) = 0, so that f,,(0, 0) = f,(0, 0)
For (x, y) # (0, 0), we have

8xy (x> +y%)? —2xy " 4y(x® +y?)
(x? +y?)*

fx(X,y) =
- 8y
(X +y?)°
and it may be easily shown (by putting y = mx) that

|
DDE, GJUS&T, Hisar 79 |



MAL-512

Real Analysis

lim (X, y) #0=1y(0,0)

(x,y)—(0.0)

so that fy is not continuous at (0, 0), i.e., the conditions of Schwarz’s theorem are not satisfied.

We now show that the conditions of Young’s theorem are also not satisfied.

£(0, 0) = lim X0 =100 _

x—0 X

Also f, is differentiable at (0, 0) if
fX(h! k) - fX(O! 0) = fXX(O’ O) H + fyX(O! 0) K + h(l) + k\ll
or

4
ﬁ =h¢ + ky
where ¢, v tend to zero as (h, k) — (0, 0).
Putting h = p cos 6 and k = p sin 6, and dividing by p, we get
2 cos 0 sin® 6 = cos 0.¢ + sin Oy
and (h, k)—(0, 0) is same thing as p—0 and 6 is arbitrary. Thus proceeding to limits, we get
2cos 0sin‘0=0
which is impossible for arbitrary 0,
=  fyis not differentiable at (0, 0)
Similarly, it may be shown that f, is not differentiable at (0, 0).
Thus the conditions of Young’s theorem are also not satisfied but, as shown above,
fxy(0, 0) = fx(0, 0)

Tavlor’s Theorem

Theorem 4.2.10 If f(x, y) is a function possessing continuous partial derivatives of order n in
any domain of a point (a, b), then there exists a positive number, 0 <6 < 1, such that

_ o 8 1(, o  aY
f(a+h, b+k) = f(a, b)+(h6—x+ kgjf(a, b) +E[h8_x+ k@J f(a, b)

1 (hiwi]f(a,b)mn
(n=-DI ox oy ’
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......

where R, - 2[h0 .k | f(a+6h b+0k),0<0<1.
ni\  ox oy

Proof. Let x =a + th, y=b + tk, where 0 <t < 1 is a parameter and
f(x,y)="f(a+th,b+tk)=¢(t)
Since the partial derivatives of f(x, y) of order n are continuous in the domain under
consideration, ¢ (t) is continuous in [0, 1]and also

o= _dtax oray ot o [0, 2k
dt oxdt aydt ox ay | ox oy

an
=|h—+k—|f
i 0=(nlonl)

o0 (1) = (h—+k§/]n f

therefore by Maclaurin’s theorem

n-1

¢(t):¢(0)+t¢’(0)+%cp"(0)+....+t— <"—”(0)+ 0™ (61),

(n —1)I
where 0 <0 <1.
Now putting t = 1, we get
0D =00) + 6 0)+ 50" O+ g O+ 10”0
But ¢(1) =f (a + h, b + k), and ¢ (0) = (a, b)

6'(0) = (h§+k8y] f (a, b)

6 (0) = (hai“‘ayj f (a, b)

0™(0) = (h—+kayj f(a+ 6h, b + 0k)

~f@a+h b+k)=f(ab)+ (h§+kayjf(a b)
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+1(h3+kﬁj f(a,b)+....
oy

......

210 ox
n-1
! (h9k 9| f@b)+R,
(n=I ox oy '
_1(, 8 oY
where R, = —(h—+k—} f(a+6h,b+0k),0<0<I.
nt{ ox oy

R, is called the remainder after n terms and theorem, Taylor’s theorem with remainder or
Taylor’s expansion about the point (a, b)

Ifweputa=b=0;h=x,k=y, we get

f(x,y) = (0, 0) + (h§+ k%jf ©, 0)

n-1
0 0

—+y—| f(0,0)+R,
(Xax”ayj ©.9

+
(n=1)!

1({ 8 oY
Where R, = — | x—+y—| f(0x, 0y), 0 <0< 1.
n n!( ax+y6yJ (0x, Oy)

Note. This theorem can be stated in another from,
0 0

f(x,y)="f(a, b)+ —-a)— -b)—|f(a,b

)= 0+ (c-a) -0 [t

1 o o7
+§{(x—a)&+(y—b)5} f(a,b) +...

1 a 6 n-1
" _1)!{(X_a)&+(y_b)@} D R

where R, = %{(x —a)a—i+(y— b)%} f(a+ (x—a)0,b+(y—Db)o0),
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0 <0 < 1. It is called the Taylor’s expansion of f (x, y) about the point (a, b) in powers of x —
aandy-Db,

Example 4.2.11 Expand x%y + 3y — 2 in powers of x — land y + 2.In Taylor’s expansion
takea=1,b=-2. Then

f(x, y) = X%y + 3y — 2, f(1-2)=-10

fx(X, y) = 2xy, f(1-2)=-4
f,(x, y) =x*+3, f(1,-2)=4

(X, y) = 2y, fu(l,-2) =4

fy(X, y) = 2x, fy(1,-2)=2

fiy(X, y) =0, fy(1,-2)=0

fraX, Y) = 0 = fyyy(X, y), fy(1,—2) = 2 = fiey(1, - 2)

All higher derivatives are zero.
Xy +3y—2=-2=-10-4(x-1)+4 (y+2) +1[-4 (x - 1)

(-1 (y+ 2]+ 3 3(x- DR +2) () +0

=—10-4(x-1)+4(y+2)-2(x—1)°
+2(x—1) (y+2)+(x-1)*(y+2)
Example 4.2.12 If f(x, y) = /| xy | prove that Taylor’s expansion about the point (x, y) is not
valid in any domain which includes the origin.

Solution.
f,(x, y) =0=1,(0, 0)
% | y\x], x>0
R y) =17,
-=Jly\x|, x<0
2
% [ x\y], y>0
L y)=1%,
_E | x\y]|, y<0
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E, x>0
(X X) = (%, X) = 12
-=, x<0
2

Now Taylor’s expansion about (x, x) forn=1, is
f(x + h,x+h)=f(x, x)+h[(fx(x + 6h, x + Bh) + f(x + Oh, x + 6h)]
or

|x|+h, ifx+6h>0
Ix+h| =4|x|-h, ifx+6h<0 (1)
x| , ifx+6h=0

If the domain (x, x; x + h, x + h) includes the origin, then x and x + h must be of opposite
signs, that is either

x+h| =x+h, |x| =X
or

x+h| == (x+h), [x =x

But under these conditions none of the in equalities (1) holds. Hence the expansion is not
valid.

Definition 4.2.13 Let f be differentiable mapping of an open subset A of R" into R™. Then f is
said to be continuously differentiable in A if f " is a continuous mapping of A into L(R", R™) and
write

feC'(A)

To be precise f isa C’' mapping in A if to each xe A and each € > 0, there exists 6 > 0 such that
yeA, ly=x|<d = [If'ly) -F(X)Il < e.

The Inverse function theorem

This theorem asserts, roughly speaking that if f is a C' mapping, then f is invertible in a
neighbourhood of any point x at which the linear transformation ',(x) is invertible.

Theorem 4.2.14 Suppose A is an open subset of R", f is a C' mapping of A into R", f'(a) is
invertible for some ac A and b = f(a). Then (i) there exists G and H in R" such that

aeG,beH.

|
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f is one-one on G and f(G) = H.
(i) if g is the inverse of f (which exists by (i)) defined on H by

9(fx) =x  (xeG),

then geC'(H).
Proof. (i) Let f'(a) = T let A be so chosen that
M| TY = 1.

Since ' is a continuous mapping of A into L(R", R™), there exists an open ball G with centre a
such that

xeG = |F(X)-T| <2\ (1)
Suppose xeG and x+h e G. Define
F(t)=f(x +th) -t Th(0<t<1) ..(2)
Since G is convex (see example 2 of § 2, ch. 11), we have
Xx+theGif0<t<1.

Also IF'(t)] = [f'(x + th)h =Th| = [|f'(x + th) —T | h]
<||F'(x +th) =T|| |h| < 2A |h] by (1) ...(3)
Since T is invertible, we have
— ol _ 1
lh|=|T " Th|<|[T|| |Th| = —f| Th| ...(4)
4\
[40 T =1]

From (3) and (4), we have
F()I< 3 [Th, 0<t<1] (0<t<1) .5

Also,
|F(1) — F(0)| < (1 - 0) |F'(tp)| for some ty' € (0, 1)

<% [Thl by (5) ...(6)
Now (2) and (6) give
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[f(x +h) ~f(x) ~ Th| < 5 [Th| ..(7)

Now % Th| > [Th ~(f(x + h) ~f(x))|
> [Th| — [f(x +h) — f(x)|
or [f(x + h) ~f(x)| > & [Th > 22 |h| by (4) .(8)

Also, (7) and (8) hold whenever x e Gand x + h € G.
In particular, it follows from (8) that f is one-one on G. For if X, y € G, then
fx)=fy) = f(x)-f(y)=0
= 0=f(x) - f(y)| = 2% [x —y| by (8)
= |x-y|=0
[-- 2| X —y| cannot be negative]
= X-y=0=x=y.
We now prove that f[G] is an open subset of R". Let y, be an arbitrary point of f[G].

Then y, = f(Xo) for some xq € G. Let S be an open ball with centre X, and radius r > 0 such that
S < G. Then (xo) € f[X] < f[G]. We shall show that f[S] contains the open ball with centre at

f(Xo) and radius Ar. This will prove that f[G] contains a neighbourhood of f(Xx,) and this in turn
will prove that f[G] is open.

Fix y so that |y — f(Xo)| < Ar and define
o() =ly ~f(x)| (x € S).
[X — Xo| =1, then (8) shows that
211 <[f(x) — f(xo)| = [f(x) —y +'y — f(Xo)|
<[FO) =y |+ 1y —f(xo)| = ¢ (x) + d(X0) < §(Xo) + Ar
This shows that
d(Xo) <Ar < o(x) (Ix —x|) =T -9
Since ¢ is continuous and S is compact, there exists x*e S such that
(x*) < ¢(x) Oforx € S ...(10)
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By (9), x* €S.

Put w =y —(x*). Since T is invertible, there exists heR* such that Th = W. Lett € [0, 1) be
chosen so small that

x*+theS
Then If(x;) —y + Tth|=|-w + tTh|
= |-w+tw|=(1-t)| w| ...(11)
Also (7) shows that

[FOx* + th) — f(x*) — Tth| < 5[Tth|

= 3 1tTh| 3 ftw]. ..(12)

Now ¢(x* + th) = |y—f(x* +th)| = [f(x* + th) —y|
= [f(x* + th) — f(x*) — Tth + f(x*) — y + Tth|
< [f(x* + th) —f)(x*) — Tth |[+| f(x*) — y + Tth|

<(@L-t)|wl|+ % itw| by (1) and (12)

=(1-30wl=(1-50 0 (x¥) ...(13)

Definition of ¢ shows that ¢(x) > 0. We claim that ¢(x) > 0. We claim that ¢(x*) > 0 ruled out.
For if ¢(x*) > 0, then (13) shows that
d(x* + th)) < ¢p(x*), since 0 <t< 1.

But this contradicts (10). Hence we must have ¢(x*) = 0 which implies that f(x*) =y sothaty €
f[S] since x* € S. This shows that the open sphere with centre at f(x,) and radius Ar is contained
in f(S).

We have thus proved that every point of f[G] has a neighbourhood contained in f[G] and
consequently f[G] is an open-subset of R" By setting H = f[G], part (i) of the theorem is proved.

(i) Takey e H,y+k e e Handput
x=g(y), h=9(y + k) —a(y)
By hypothesis, T = f'(a)’s invertible and f'(x) € L (R"). Also by (1).

|
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=i (see the choice of 1)

I ~Tl<2h <40 = 1

Hence , f'(x) has an inverse, say U
Now k =f(x +h) —f(x) = f'(x) h + r(h) ...(14)
where [r(h)|/ |h] > 0as h—0 .
Applying U to (14), we obtain
Uk = U(F'(x) h + r(h)) = Uf"(x)h + Ur(h) = h + Ur(h)
[~ U is the inverse of f'(x) implies Uf'(x) h = h]

or h = Uk - U(r(h))
or g(y + k) — g(y) = Uk — U(r(h)) ...(15)
By (8), 2\ |n| < |k|. Hence h—0 if k -0

(which shows, incidentally, that g is continuous at y),

[ UCr(h)) [ _TUT [r(h) ]|

and < — 0as k—0 ...(16)
| K| 21| h|
Comparing (15) and (16), we see that g is differentiable at y and that
g'(y) =U=[FeI" = [FOWI™, (v e H) -..(17)

Also g is a continuous mapping of H onto G, f' is continuous mapping of G into the set C of all
invertible elements of L(R"), and inversion is a continuous mapping of C onto C , These facts
combined with (17) imply that geC'(H).

The Implicit Functions Theorem

Theorem 4.2.15 Existence theorem (Case of two variables)

Let f(x, y) be a function of two variables x and y and let (a,b) be a point in its domain of
definition such that

(1) f(a, b) = 0 the partial derivatives f, and f, exist, and are continuous in a certain
neighbourhood of (a, b) and

(ii) f(a b) 0,
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then there exists a rectangle (a — h, a + h; b — k, b + k) about (a, b) such that for every value of x
in the interval [a — h, a + h], the equation f(x, y) = 0 determines one and only one value y =
d(x), lying in the interval [b —k, b + k], with the following properties:

(1) b=4¢(a),
(2) f[x, d(x)] =0, for every x in [a—h, a + h], and
(3) ¢(x) is derivable, and both ¢(x) and d)'(x) are continuous in [a—h, a + h].
Proof. (Existence). Let fy, f, be continuous in a neighbourhood
Ri:(@—hy,a+hy; b—Kkg, b+ky) of (a b)

Since f,, f, exist and are continuous in R, therefore f is differentiable and hence
continuous in R;.

Again, since f, is continuous, and f,(a, b) # 0, there exists a rectangle
Rz:(a — hg,a + hg,b — kz,b + kz), h2<h1,k2<k1
(R2 contained in R;) such that for every point of this rectangle, f, # 0

Since f = 0 and f, = O(it is therefore either positive or negative) at the point (a, b), a
positive number k<k, can be found such that

f(a, b—K), (a, b + k)
are of opposite signs, for, f is either an increasing or a decreasing function of y, when y = b.

Again, since f is continuous, a positive number h<h, can be found such that for all x in [a
—h,a+h],

f(x, b — k), f(x, b + k),
respectively, may be as near as we please to f(a, b — k), f(a, b + k) and therefore have opposite
signs.

Thus, for all x in [a — h, a + h], fis a continuous function of y and changes sign as y
changes from b — k to b + k. therefore it vanishes for some y in [b — k, b + k].

Thus, for each x in [a—h, a + h], there isa y in [b — k, b + K] for which f(x, y) = 0; this y
is a function of x, say ¢(x) such that properties (1) and (2) are true.
Uniqueness. We, now, show that y = ¢(x) is a unique solution of f(x,y) =0inRz: (a—h,a+h;
b —k, b + k); that is f(x, y) cannot be zero for more than one value of y in [b — k, b + K].
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Let, if possible, there be two such values y;,y, in [b — k, b + k] so that f(X, y1) =0,
(X, y») = 0. Also f(x, y) considered as a function of a single variable y is derivable in [b — k, b +
k], so that by Roll’s theorem, f, = 0 for a value of y between y; and y,, which contradicts the

fact that f, = 0 in R, © R3. hence our supposition is wrong and there cannot be more than one
suchy.

Let (X, y), (X + 8X, y + dy) be two points in R3: (a—h, a+ h; b — K, b + k) such that
Y = 0(x), y + 3y = ¢(x + 5x)
and
f(x,y) =0, f(x +dx,y+03y)=0
Since f is differentiable in Ry and consequently in Rs (contained in R,),
0 ="f(x +0ox,y+dy)—f(x,y)
= Ox f +8y f, + X w1 + 8y v,
Where v, v, are functions of ox and 5 y, and tend to 0 as
(6%, 8y)—(0,0)
or

Sy _ T _wi_dyv, (f,=0inRy)

Proceeding to limits as (6x, dy)—(0, 0), we get
sy dy f
X)= L=—-x
Y= =7

y

Thus ¢(x) is derivable and hence continuous in Rs. Also ¢"(x), being a quotient of two
continuous functions, is itself continuous in Rs.

4.3 Check Your Progress

Q.1 Define partial derivative and differentiability of function of two variables.
Fill in the blanks.

Q.2 Show that the function f, where

Xy £ U2 2
—— if X“+y“#0
f(x, y) = {yx?+y?
0, if x=y=0
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IS continuous, possesses partial derivatives but is not differentiable at the origin.
Solution. It may be easily shown that f is continuous at the origin and
f«(0,0) =0 =f,(0, 0)
If the function is differentiable at the origin then by definition

df = f(h, k) — f(0, 0) = Ah + BK + h¢ + ky (D)
where A=1,(0,0)=0; B=1,0,0)=......... , and ¢, y tend to zero as (h, k) — (0, 0).
hk
—_— = ...(2)
vh? +k?

Putting k = mh and letting h—0, we get
m :
=lim(¢p+ my)=0
Vi+m? o0

which is impossible for arbitrary m.

Hence the function is not differentiable at (0, 0).
Q.3 Investigate the continuity at (1, 2)
2 :
F(x) = X“+2y, !f (x,y)#(1,2)
0, if (x,y)=@2)

Here, oJim f(x,y)=.....=2 £(1,2), hence function is not continuous at (1,2).

li
X, y)—(

Q.4 Let f(x) = , g(x) = X%

1
Evaluate the integral [fdg .
0

1
Solution. Since f is continuous and g is non-increasing on [0, 1], it follows that jfdg exists.
0

Now, we consider the partition
P={0,1/n,2/m,...,t/n,...,n/n=1}

and the intermediate partition, Q = {1,3,...ﬂ= }
nn n
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ThenRS (P, Q. , g) = Zl“f(%j[g(%j_g( rT—lﬂ

2 n(n+hH(2n+1) 1 n(n+l)
n® 6 n? 2

Hence
1
f dg= lim RS(P, Q, f,
! g= lim RS(P, Q.f,9)
. Iim1[4+i—i}:l[4+0—0]= ........
n—w 6 2n 6n2 3]
4.4 Summary

The partial derivative is taken in to consider when a function depends on more than one
variable for its values. Unlike the situation for a function of single variable, the existence of first
derivative at a point does not guarantee that the function is continuous there at. If both the
partial derivative exist and bounded in the region then the function f(x, y) will be continuous in
that region. Also the existence of first order derivative at a point does not imply that the
function is differentiable at that point. The sufficient condition for function f(x, y) to be
differentiable is that both the first order partial derivative exists and one of them is continuous.
It is not always is true that f,y, = f,,. Bothe the theorem Young’s and Schwartz’s give sufficient
condition for equality of f,,, and f,. Finally, the lesson concluded with Inverse Function and
Implicit Function theorem.

4.5 Keywords
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Function of more than one variable, Limit continuity of function of two or more variables,
the concept of neighborhood system.

4.6 Self-Assessment Test

Q.1 Show that the function f(x, y) = |X| + |y, is continuous but not differentiable at
origin.
Q.2 Discuss the following functions for continuity and differentiability at the (0, 0).

Xy e U2 2
——, if X“+y“#0
{i} f(x, y) = {Yx®+y?
0, if x=y=0

{ii} f(x, y) = ysin%, if x=0,1(0,y)=y.

Q.3 Verify that f,, = f for functions:

iy 2

X+Yy

{ii} xtanxy {ii} cosh(y+cosx) {iv} x’.

Q.4 Find the expansion of sinx siny about (0, 0) up to including the terms of fourth

degree in (X, y). Compare the result that you get by multiplying the series for

sinx and siny.

4.7 Answers to check your progress
A.1 Read 4.2 and definition 4.2.2.
A.2 0, hd + ky
A3 5
4n%+3n-1 2
6n2 '3
4.8 References/ Suggested Readings

1. W. Rudin, Principles of Mathematical Analysis (3rd edition) McGraw-Hill,
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MAL-512: M. Sc. Mathematics (Real Analysis)

Lesson No. V Written by Dr. Vizender Singh

Lesson: Jacobians and Extreme Value Problems

Structure:
5.0 Learning Objectives
5.1 Introduction
5.2 Jacobians
5.3 Extreme Value Problems
5.4 Check Your Progress
5.5 Summary
5.6 Keywords
5.7 Self-Assessment Test
5.8 Answers to check your progress
5.9 References/ Suggested Readings

5.0 Learning Objective

e The learning objectives of this lesson are to study concept of Jacobian determinants
due to its vast application in vector calculus, differential equation and complex
analysis etc.

e To study the how one can transform coordinate and change variable or find functional
relation between variable.

e To study necessary and sufficient condition for existence of extreme values for
function of two or more variable.

e To determine the stationary points from modified point of view using Lagrange’s
method.

5.1 Introduction

Jacobians have the remarkable property of behaving like the derivatives of functions of
one variable. Some important relations are given here in this lesson and the proofs depend upon
the algebra of determinants. Foe n = 1, the determinant is simply %4, or dy/dx, the derivative of

|
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y with respect to x; the first of notations for Jacobian is suggested by a certain analogy between
the properties of Jacobian and derivative.

For a function y = f(x) of a single variable, a stationary (or critical) point is a point at
which dy/dx = 0; for a function u = f(Xy, X», ..., X,) of n variables it is a point at which

—=0, —=0,...., —=0.
oX, 0X, OX

n

In the case of a function y = f(x) of a single variable, a stationary point corresponds to a
point on the curve at which the tangent to the curve is horizontal. In the case of a function y =
f(x, y) of two variables a stationary point corresponds to a point on the surface at which the
tangent plane to the surface is horizontal.

In the case of a function y = f(x) of a single variable, a stationary point can be any of the
following three: a maximum point, a minimum point or an inflection point. For a function y =
f(x, y) of two variables, a stationary point can be a maximum point, a minimum point or a
saddle point. For a function of n variables it can be a maximum point, a minimum point or a
point that is analogous to an inflection or saddle point.

5.2 Jacobians

Definition 5.2.0 If uy, u,,..., U, be n differentiable functions of n variables Xj, Xs,...,x,, then the
determinant

ou, ou, ou,
ou, au, ou,
ou, au, ou,
ox  ox, X

is called the Jacobian of the functions uy, u,,...,u, with respect to X;, X»,...,x, and denoted by

a(ul,uz,...,un)Or J[ul,uz,...,un].

Xy, X000 X)) Xy X yeeny X

n

Note: If uy, U,,..., Uy be n differentiable functions of form u; = f( xy), Uy = f(Xg, X2), ..., up = f( Xy,
X9, out Xn), the

________________________________________________________________________________________________________________________________|]
DDE, GJUS&T, Hisar 96 |



Real Analysis MAL-512

0%,

ou, ou
O(UplynUy) _ |5 —F o 0 au au, au
L 2T N = 19X, OX, —, ... .—.
O (X Xprees X, ) : C : ax1 " OX, OX,

ou, ou, ou,

ox X, X,

Therefore in this case the jacobian reduces to leading terms.
Theorem 5.2.1 If uy, Uy,..., U, be n differentiable functions of n variables yi, ys,...,y,, and y;,
Yo,...,yn are functions of x4, X,, ..., x,, then

a(ul,uz,...,un): AUy Uy, Uy)  O(Yi Yoo Y )

(% X0 X)) O(VirYoreon Vo) O(Xgs Xpreen X))

Proof. Here, we have uy, U,,..., U, be n functions of n variables y, y»,...,yn, Which are further
functions Xy, Xo, ..., Xp.

= Uy, U,,..., Uy are composite functions of xy, X,, ..., X,, by definition of composite function

ou, _ oy, % ou, % 8u N z%%
oy oy ok oy, on oy, on oy, ox
oX, 0oy, OX, 6y2 8x oy, OX, =0y, OX,
%:%% ou, oy, m+6unl6yn=Z“:aurlayr
oX, Oy, OX, ay2 X, oy, OX, =0y, OX,

Now

o oy Ul |\ N W

ayl ayz ayn aXl aXZ 8Xn

ou, adu ou,||oy, oy oy
a u 1u "-'1un a ’ v Y —2 2 e 2 2 -2 e -2
(U Uy ) DYoo) 5" 50 B B0 B T ax,
a(yl’yZ""’yn) 6(X1,X2,...,Xn) : : : : : : :

ou, ou,
ayl ayz ayn axl aXZ 8Xn
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S K g ey O
r=1 ayr axi r=1 ayr 8XZ r=1 ayr aXh
n auz 8yr i%% Z":@uz Gyr

=30y, ox Ty, OX = 0y, OX,
N aun ayr iaun ayr n aun ayr
r=1 ayr 6)(1 r=1 ayr l axz r=1 ayr aXn
oX,  OX, OX,
ou, ou, ou,
-— —= — 0J(u,u,,..,u

= |0x, 0%, X, | = (13U )
S : : O (X Xprees X, )
ou, ou, ou,
oX, OX, oX,

Theorem 5.2.2 Prove that

(Y1 Yo ¥n) | O(Xy) Xp 10 X))
O(Xy X0 X ) O(Yis Yareen Vi)
Proof. Let y; = fi( X, X, ..., X)

y2 = f2( X1, X2, -+ oy Xn)

Yn = 1:n( X1y X2, «vey Xn)
Further, we can put up the relation in the form
X1 = g1 X1, X2, .., Xp)

X2 = Q2( Xq, X, .., Xp)

Therefore
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0y 0% Oy 0%y Oy 0%y _
X, 8y1 6x oy, OX, Oy,
oy, OX,
=)y =+ L=
Zlax M,
N A A A
0%, ay2 OX, OY, X, oY,

¥, & _,
Zax o,

N X Yy D DY Ky

ox, 0, 6X oy, % o,
o
Zax oy,

Now

(Yo YaresYn) 0% XgsnsX,)
(X Xorr X, ) O(Yas Yoreens Vi)

¥ M N X %

ox o, o |loy, oy, oy,

Y, o, oy, | |0X, OX, 0X,

o o T oox|lon oy, oy,

% oy, oy, | |Ox, OX, oxn

o X ||y, oy, o,
IR N e
r=1 aXr ayl 6X ayz r=1 aXr ayn
Oy, e S, K S, O
= ;ax ' z zax

6X 6y2 r=1

-

Loy, ox, ay o " Gy Ox
Z Zax oy, gax

;%).
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p AR y

Using the above results, we get

(Vi Yar ¥n) O(XXpmenXy) [0 1 . O_1
(X% Xy) O(Yiu Yoo ¥a) [ :

Jacobian of Implicit Function

Theorem 5.2.3 If uy, uy, ..., U, be n differentiable functions of n variables x;, X,, ...,x, given by
functional relations

f].: (uli Uz, ..., U ; X1, Xo, ---aXn) = 0

f2: (uli Uz, ..., Un 5 X1, X, ---aXn) =0

Then
ﬁ(fl, f,, ,fn)
O(Uy Uy, Uy) _ (c1) O(X) Xp1ee X)) |
O( X Xpreees Xy ) o(f, o )
(U, Uy, ., Uy)

Proof. Since,

Differentiating, we get
i of, ou af ou, o, o of, ou,
ox, U, ox, au ox, T ou ox
6f1 of, ou,  of, au, of, ou,
—+ L4 L 24+ 1L
OX, 6u ox, ou, ox, ou,  0Ox,

=0, etc

i of, ou, af au2 61‘ ou,
ox, U, ox, 8u 8x1 6un ox,

|
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B _IsAR '
Now,
oy o ohjjdu v o
ou, ou, ou, || ox — OX, OX,,
of, of of,||ou, ou ou
o(f, 0 fy) a(ul,uz,...,un)_gT2 GTZ 6u2 62 6x2 axz
' - 1 2 nj Xl 2 n
AUy Uy Uy) 0%y, %o, X)) E S e C :
of, of, of, | |ou, ou, ou,
ou, ou,  ou||ex, &x, | ox
z“:af1 au, Z”:af1 ou, Z”:a_n%
~ou ox, 4ou, ox, = ou_ X
Z“:af2 au, Z“:af2 ou, " of, o,
= |Sou, ox, Sou ox,  Sou ox,

" of ou & of, du, " of, o,
S Yara  Xar e

=1 8ur axl =1 aXZ r=1
o oo
ox,  0X, X,
f f
_o, o, o 0 O(f, Ty )
o T 7 ool ()
A (%% %,)
o, of, &,
ox  ox, X,

Note: The above result is generalization of result

of
dy __ox
dx of '
oy

Where x and y are related by the relation f(x, y) = 0.

Theorem 5.2.4 Let If uy, u,, ..., u, be n differentiable functions of n variables x;, X,, ...,x,. In
order that there may exist between these n functions a relation,

F(ug, Uy, ..., u,) =0.
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. . o(u,u,,...,u
It is necessary and sufficient that, (U Uy Uy) =0.
0% Xens Xy )

Proof. The condition is necessary
If there exist between uy, u,, ..., Uy, a relation, then

F(uy, Uy, ..., uy) =0. (1)
Differentiating (1), we have

oF ou, OF oau, oF ou
— e — .+

ou, Ox, 0Ou, OX ou, ox
oF ou, aF ou, oF ou
ou, ox, auz'ax2 ©ou, ox,

OF ou OF ou, OF au

. +... —=0
au ax au2 X, ou, ox
Eliminating, — oF aF i we get
8u ou,
ox,  OX, oX,
ou, 0u, ou,
— —= ... — 9(u,u,,...,u
o OX, oX, | = M: 0.
: C : O( X Xprees Xy )
ou, ou, ou,
ox  ox, X
The condition is sufficient
. o(u,U,,...,u,
If the Jacobian J(uy, Uy, ... , Upy) = M: 0.
O (X Xprees Xy )

The equation connecting the functions uy, u,, ..., U, and the variable x4, X,, ...,x, van always be
transferred in the following form:

faXe, X2, ..., Xn, U1) =0

f2(X11 X2, ..., Xp, Uy, uZ) =0
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fn(xn’ U1, UZ! U3, aun) = 0
Since, we know that

o(fy, Ty 1)
j- (U, Uy, ...,y ) - (a1 (X, Xy, s X))
O( X Xpreees Xy ) o(f, o )
(U, Uy, Uy)
Now, if J = 0, we get
o(f,f,,.f .
(i foreon o) =0, i.e., A _ 0 for some r between 1 and n.
O (X Xprevr X, OX,

Hence, for that particular value of r the function f, must no contain x,.
Accordingly, the corresponding equation is of form
fr( X1, -.Xn, U, Ug, Uz, ... 5u) =0
Consequently between this and the remaining equations
ft1=0,f =0, ..., f,=0.

The variable x+1 =0, X+ =0, ..., x, can be eliminated so as to give e final equation between uj,
U, Us, ... ,u, alone.

Example 5.2.5 If x = r sin6 cos¢, y =r sinf sind, z = r cosb, then show that

a(x,y,2)
o(r,6,0)

Solution. Here, we have

= r%sin0

sinfcosep rcosOcose —rsinOsing
=|sinBsing rcos6sing rsinBcose
coso —rsin® 0

o(x,y,2)
a(r,0,¢)

singdcos¢g cos@dcosg —sing
= r%sinf|sin Osin ¢ cos@sing cos¢
cosd —-siné 0

Applying R, = (cosd) R+ (sind) R,, we get

|
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sinfcose cosOcosep —sing

2 -
=1 .sme sin® cos0 0
sing .
cos0 —sin6 0
= ’sin0
2 2 2 2 2 2 2 2 2
Example 5.2.6 If u = X+Yy +2 (XY *2 ondw=2""Y "2 find
X y y4
o(x,Y,2)
o(u,v,w)
Solution. Here, we have
y?+2z° 2y 27
1-=——; — —
X X X
o(u,v,w) | 2x 1_x2 +2° 2z
a(x,Y,2) y y’ y
2X 2y X2 +y?
=2 b 1— :
y4 z y

ApplyingC, > C; + %CZ +§C3,

x> +y?+2° 2y 2z
x? X X
ou,v,w) [ x*+y*+2z° 1 x* +2° 2z
a(x, Y, 2) Xy y’ y
x*+y?+12° 2y l_x2+y2
Xz z z°
s . 1 2xy 2Xz
_ (xXf+y“+2z9) X
=22 221wy - (x*+2%) 2xz
X° Xy .XZ y
1 2yz xz —=(x% +y?)

________________________________________________________________________________________________________________________________|]
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1 2xy 2xz
_ (xP+y?+7%) 0 CX(X*+y?+7%) 0
4
X"yz y
0 0 “X(x2+y? +72)
z

_ (P +yr4z?)?
XZyZZZ

a(x,y,2) _ xzyzz2

o(y,v,w) (x> +y2+2%)°

Example 5.2.7 If given, u = x + 2y + z, v = X — 2y + 3z, W = 2Xy — Xz + 4yz — 27°,

then, prove that M =0, and also find a relation between u, v, w.
o(x Y,Z

Solution. We have

uou
oXx oy oz
ouv,w) [ov  ov oV
o(x,y,z) |ox oy oz
w - ow ow
oX oy oz

1 2 1

=l 1 -2 1

2y—z 2X+4z —-x+4y-4z

1 0 0
= 1 -4 2 (Performing C,—2C; and C3— Cy)
2y—-2 2Xx+6z-4y —-Xx+2y-3z
-4 2 |0
= (Performing C,+2C,)
2X+6y—-47 -x+2y-3z O —x+2y 3z

Hence a relation between u, v and w exists
Now,
Uu-v=2x+14z
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u—-v=4y-2z
w = X(2y -z) + 2z(2y - 2)
= (x+22) (2y -2)
= Aw=(Uu+v)(u-v)
= 4w = u? — Vv
Which is the required relation?

Example 5.2.8 Find the condition that the expressions px + qy + rz, p'x + q'y + r'z are
connected with the expression ax? + by? + cz? + 2fyz + 2gzx + 2hxy, by a functional relation.

Solution. Let

Uu=px+aqy+rz

v=p +qy+rz

w = ax? + by? + ¢z + 2fyz + 2gzx + 2hxy
We know that the required condition is

o(u,v,w)

o(x,y,2)
Therefore,

u o

oxXx oy oz

NN NV

oxXx oy oz

o oW ow

oxXx oy oz
But

u_jou_ o

ox oy oz

o, , OV

NN

OX oy 0z

o 2ax + 2hy + 29z
OX

|
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W .|
W 2hx + 2by + 2fz
oy
ow
— =2gx + 2fy + 2cz
0z
Therefore
p q r
P’ q r
2ax+2hy +2gz 2hx+2by+2fz 2gx+2fy+2cz
P q r P q r P q r
= p' g r'(=0,|p" g r|=0Jlp" q r|=0
a h g h b f g f c

Which is the required condition?

Example 5.2.9 Prove that if f(0) = 0, f'(x) = .
+ X

f(x) + f(y) :f(“yj.
1-xy

Solution. Suppose that

u=1(x) +1(y)
X+Yy
1

V=

- Xy
uou
0
Now  J(u,v)= x oy
o v
oX oy

1 1
1+ %2 1+y2
1+y? 1+x% |

L-x)?  @+x)°
Therefore u and v are connected by a functional relation

Let, u = ¢(v), that is,
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—Xy

Putting y = 0, we get
f(x) + £(0) = ¢(x)
= f(x) + 0 = ¢(x) ~ f(0)=0

Hence f(x) + f(y) = f(lx hl yj

Example 5.2.10 Prove that the three functions U, V, W are connected by an identical functional
relation if

Usx+y-z,V=x-y+z,W=x"+y*+2°-2yz
and find the functional relation.
Solution. Here

o oU ouU
oXx oy oz 1 1 1
AUVW) _|ov v Vi 1, 1

o(X,Y,2) oXx oy oz
oW oW oW
oXx oy oz

2x 2(y—-2) 2(z-vy)

1 1 0
=1 -1 0[=0
2X 2(y-z) O

Hence there exists some functional relation between U, V and W.

Moreover,
U+V=2x
U-V=2y-2)
and (U+ V)2 + (U=V)?=40C + Y2+ 7% - 2y2)

=4W
Which is the required functional relation.

|
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Example 5.2.11 If u=x*+ y* + Z2, v= X+ y + z, W = Xy + yz + zX, show that the Jacobian
o(u,v,w)

vanishes identically.
o(x,Y,2)

2X 2y 22
1 1
Y+Z Z+X X4y

o(u,v,w)

Solution. =
o(x,y,2)

X y z
=2| 1 1 1
X+Z Z+X X+Yy

X+y+Z X+y+Z X+Yy+2Z
=2 1 1 1 [Addlng R3 to Rl]
y+z Z+X X+Y
1 1 1
=2(x+y+z)| 1 1 1
Y+Z Z+X X+Yy
Now, we find relation between u, v, w. We have
V= (X+y+2)°=x3+ V2 + 22+ 2(Xy +yz +2X) = U + 2w
or Vi =U+2w.
5.3 Extreme Values: Maxima Minima

Let (a, b) be a point of the domain of definition of a function f. The f (a, b) is an extreme
value of f, if for every point (X, y) of some neighborhood of (a, b), the difference f(x, y) - f(a, b)
keeps the same sign. (1)

The extreme value f (a, b) is called a maximum or minimum value according as the sign of (1)
IS negative or positive.

A Necessary Condition
A necessary condition for f(x, y) to have an extreme value at (a, b) is that
fx(a, b) = 0, f(a, b) = 0;
Provided these partial derivatives exist. Points at which f, = 0, f, = 0 are called Stationary
points.

Sufficient Conditions for f(x, y) to have extreme value at (a, b)

|
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Let f,(a, b) = 0 = f,(a, b). Further, let us suppose that f(x, y) possesses continuous second order
partial derivatives in a neighborhood of (a, b) and that these derivatives at (a, b) viz. f.(a, b),
f.y(a, b), fyy(a, b) are not all zero.

Let (a + h, b+ K) be a point of this neighborhood.
Let us write
r="fw(a b), s ="fy(a, b), t =f,(a b)
(1) Ifrs—t*>0, then f(a, b) is a maximum value if r < 0, and a minimum value if
r>0.
(2) Ifrt—s?<0, f(a, b) is not an extreme value.
(3) Ifrt—s?=0,
Thus is the doubtful case and requires further investigation.
Example 5.3.1 Find the maxima and minima of the function
f(x,y) =x3+y® — 3x — 12y + 20
Solution. We have
f(X,y) =3y’—3=0,whenx=+1
f(x,y) =3y’ —12=0, wheny = + 2
Thus the function has four stationary points:
(1,2),(-1,2),(1,-2), (-1, -2),
Now
(X, y) = 6X, fxy(X, y) = 0, fyy(X, y) = 6y
At (1, 2),
fx = 6> 0, and ficfyy —(f,,)° =72 >0
Hence (1, 2) is a point of minima of the function.
At (1, -2),
fux = =6, and ffyy — (fry)> = -72<0
Hence the function has neither maximum nor minimum at (1, -2).
At (-1, -2),
fix = =6, and ffyy — () =72>0

________________________________________________________________________________________________________________________________|]
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Hence the function has a maximum value at (-1, —-2).

Note: Stationary points like (-1, 2), (1, —2) which are not extreme points are called the saddle
points.

Example 5.3.2 Show that the function
f(x, y) = 2x* = 3x%y + y?
has neither a maximum nor minimum at (0, 0) where
fadyy = (Fo)* = 0
Now
fu(X, y) = 8X° — Bxy, f,(X, y) = —3x" + 2y
. 1(0, 0) = 0 =f(0, 0)
Also
fux(X, Y) = 24x° — 6y = 0, at (0, 0)
fy(X, y) =-6x=0at (0, 0)
fy(x, y) =2, at (0, 0)
Thus at (0, 0), (0, 0).f,,(0, 0) — [f,,(0, 0)]* = 0.
So that it is a doubtful case, and so requires further examination.
Again
f(x, y) = (¢ - y)(2x* -y), (0,0) = 0
or
f(x, y) = f(0, 0) = (x* - y) (2<* - y)
>0, fory<0orx’>y>0

<0, fory>x2>%>0

Thus f(x, y) — f(0, 0) does not keep the same sign near the origin. Hence f has neither a
maximum nor minimum value at the origin.

Example 5.3.3 Show that
f(x, y) = y* + Xy + x*, has a minimum at (0, 0).
It can be easily verified that the origin.

________________________________________________________________________________________________________________________________|]
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f,=0,f,=0,f, =0, =0,f,=2.

Thus at the origin f,f,, — (fxy)2 = 0, so that it is a doubtful case and requires further
investigation.

But we can write
1 3
f(x, y) = =x3)2+=x*
x,y) (y+2 ) *7
and
1 2\2 3 4
f(x,y) —f(0,0) = (Y+EX ) +ZX

which is greater than zero for all values of (X, y). Hence f has a minimum value at the origin.
Example 5.3.4 Show then
f(x,y) = y* + x> y + x*, has a minimum at 10,0
It can be verified that
f4(0,0) =0, f,(0,0)=0
f«x(0, 0) = 0, f,y(0, 0) = 2
f,y(0, 0) = 0.
So, at the origin we have
fufyy - T, =0 so that it is a doubtful case

However, on writing

3x*
+_

2
2 2 4 _ 1,
+XYy+X = +—X
y y (y > j 4

It is clear that f(x, y) has a minimum value at the origin, since

2
Af=f(h, K) — (0, 0) = (k+§} 3h’

is greater than zero for all values of h and k.

Lagrange’s Undetermined Multipliers

To find the stationary points of the function

f(X1, Xo,..., Xp, Uy, Up,..., Uny) ..(1)
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of n + m variables which are connected by the equations
¢r(X1, Xo,..., Xp, Ug, Uz,...,um) =0,r=1,2,....m (2)
For stationary values, df =0

0=df= idxl+idx2+...+ ot dx,
X1 2 n
of f
+ —du; +...+ du ...(3
ou, ! du,, " ®)

Differentiating equations (2), we get

%dxl+...+ 00y dx,, +%du1+...+ 00y du, =0
0Xy X, ou, ou,

8&dx1+...+ o0, dx,, +a(’¥dul o4 002 du,, =0
0%, X, ou, Ou, ..(4)

%dxl .o+ oy dx, + oy du; +...+ oy du, =0
1 oX,, 1 ou,
Multiplying the equations (4) by Ay, A,,..., Ay respectively and adding to the equation (3), we
get

0=df= [imxr a(prdel-l-...-i-( of +3N, 00 den
0

0Xq OXq oX,, n
+ i+zx, O du, +...+ of +zxr% dumy ...(5)
ou, ou, ou, ou,

Let the m multipliers Ay, A,,..., An be so chosen that the coefficients of the m
differentials duy, dus,,..., duy, all vanish, i.e.,

i+2kr il :0,...,i+2kr il
ou, ou, ou, ou,

=0 ...(6)

Then (5) becomes

0=df= (i+2xr%]dxl+...+(

OX, 0X, oX,, oX,,

or + 2, a(Prjan
so that the differential df is expressed in terms of the differentials of independent variables only.

Hence

________________________________________________________________________________________________________________________________|]
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0Xq 0Xq oX,, oX,,

Equations (2), (6), (7) form a system of n + 2m equations which may be simultaneously
solved to determine the m multipliers A, A,,..., Ay and the n + m coordinates Xy, Xo,..., Xp, Uy,
Up,..., uy OF the stationary points of f.

An Important Rule: For practical purposes,

Define a function
F =1+ ks + Rodpo +... 4 A
At a stationary point of F, dF = 0. Therefore
oF oF oF oF

0=dF = idx1+—dx2+...+ dx, +—du, +...+ dup,
0Xq oX, N 1 U,
F 0. F _0F .. F o
0%, oX,, ou, ou,,

which are same as equations (7) and (6).

Thus the stationary points of f may be found by determining the stationary points of the
function F, where

F=1f+hbs + X202 +...+ Andm
and considering all the variables as independent variables.

A stationary point will be an extreme point of f if d°F keeps the same sign, and will be a
maxima or minima according as d°F is negative or positive.

Example 5.3.5 Find the shortest distance from the origin to the hyperbola
X2 + 8xy + 7y* = 225, z=0
Solution. We have to find the minimum value of x* + y* subject to the constraint
X2 + 8xy + 7y* = 225
Consider the function
F=x?+y*+ A(x% + 8xy + 7y* — 225)
where X, y are independent variables and A a constant.
dF = (2x + 2xA + 8yA) dx + (2y + 8xA + 14yA)dy
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S (A+A)X+4ry =0 1 1
X +1+70)y=0 T g

For A = 1, x = —2y, and substitution in x* + 8xy + 7y* = 225, gives y* = —45, for which no
real solution exists.

For A = — &, y = 2x and substitution in x* + 8xy + 7y* = 225, gives x° = 5, y* = 20, and

so x? + y* = 25.
d?F = 2(1 + 1) dx? + 161 dx dy + 2(1 + 71) dy?

= gﬁdx2 —%ﬁdx dy+%dy2, ath=—%

= § (2dx — dy)’

> 0, and cannot vanish because (dx, dy) = (0, 0).

Hence the function x* + y* has a minimum value 25.

Example 5.3.6 Find the maximum and minimum values of x? + y? + z° subject to the conditions

2 2 2
LS AL l,andz=x+Yy.
4 5
Solution. Let us consider a function F of independent variables X, y, z where

2 2 2
z

Fex?+y?+ 2240 | 2wl 1+, (x+y—2
y’ 1(4+5+25 2 (x+y-2)

dF = (2x+5x1+x2jdx+(2y+ﬂxl+x2jdy + [2z+3x1—x2)dz
2 5 25
As X, y, z are independent variables, we get

2x+§xl+x2:o
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«= 2% -5}, ,_ 252,
A +4 y_241+10’ 22, +50
Substituting in x + y = z, we get
2 .5 . B 0 3,20 (1)
M+4 20, +10 2A, +50

forif, A, =0,x=y=2z=0, but (0, 0, 0) does not satisfy the other condition of constraint.
Hence from (1), 177& +245), + 750 = 0, so that A, = -10, —75/17.
For A, = -10,

2 2 2

Substituting in X—+y—+—:1, we get
4 5 25

25 =180/19 or i, =4645/19
The corresponding stationary points are
(2+/5/19, 3v/5/19, 5v5/19), (—2+/5/19,-3+/5/19,~5+/5/19)

The value of X + y* + z2 corresponding to these points is 10.
For &, = —75/17,

34 17 17
X= ok, Yy=—"Ly, Z2="= 1y,
7w YTy e 2R g
X2 y2 2
which on substitution in —+°—+-— =1 give
4 5 25

Ly = +140/(17-/646)
The corresponding stationary points are

(40//646, —35//646, 5//646), (~40/~/646,35//646, —5/+/646)

The value of x? + y? + z% corresponding to these points is 75/17.
Thus the maximum value is 10 and the minimum 75/17.
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Example 5.3.7 Prove that the volume of the greatest rectangular parallelepiped that can be

2 2 2
inscribed in the ellipsoid x_+y_+z_ =1,is 8abc
a’ b®> c? 33
Solution. We have to find the greatest value of 8xyz subject to the conditions
2 2
x_2+y_ 2_2_1 x>0,y>0,z>0 (D
a~ b ¢

Let us consider a function F of three independent variables X, y, z, where

X2 y2 22
F=8xyz+A| —+5+—-1
Y [az b*> ¢?

dF = (8yz+ 2—szjdx + (82x+%}dy+ [dxy +2—22}”] dz
a c

At stationary points,

gyz + 2% _o, 8zx+‘2byx 0, 8xy + 22 ~0 .2
a C

Multiplying by X, y, z respectively and adding,
24xyz + 2L =0 or A =-12xyz. [using (1)]
Hence, from (2), x = a/N3, y = b/\3, z =c/V3, and so A = —4abc/V3

Again
2
d’F = 27{dx dgz +CIZ J+16zdxdy+16xdydz+l6dzdx
a c?
8abc
———Z—d +—Zc dx dy ...(3)
A A
Now from (1) we have
de+ydy dz —=0 or d—X+Q+E:O. ...(4)
a? " b c? a b ¢

Hence squaring,

2
de +22dxdy:o

a’ ab

or

________________________________________________________________________________________________________________________________|]
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2
abc Zdiz =-2>cdxdy
a

16 dx?
d°F=—-ahc 22—
J3 a?
which is always negative.
a b c¢c). . . ) . 8abc
Hence | —,—, — | is a point of maxima and the maximum value of 8 xyz is —.
(\@ B ﬁj P 28 3
5.4 Check Your Progress
Q.1 Define Jacobian of a function.
Fill in the blanks in the following question:
Q.2 If the roots of the equation in A
=%+ -y +(-2°=0
are u, v, w. Then prove that
a(u,v,w):_2 (y—z)z-x)x-y)
a(x,y,z) (v—w)w-u)u-v)
Solution. Here u, v, w are roots of the equation
(X +y+ )M+ (G + Y+ )N —%(x3+ y+2°)=0
Let us suppose, X +y+z =& x> +y?* +z° =1, %(XB +y +2%)=¢ (1)
and
U+v+w=¢§ vw+wu+uv=A uvw=_ 2

Hence from (1),

1 1 1
—6(§,n,§) =2x 2y 2z
a(X’y’z) X2 y2 22

S e (3)
and from (2),

________________________________________________________________________________________________________________________________|]
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1 1 1
o(&m.¢)

—):V+W W+U U+
VW wu uv

S e 4)
Hence from (3) and (4), we get

o(u,v,w) _ _ (y-z)z—x)x-y)
Axyg) v —ww_ufu_v)
Q3lfu=x+y+z+t,v=x+y—-z-t,w=xy-—zt,
r:x2+y2—22—t2,
o(u,v,w,r)

then show that =
o(X,Y,z,1)

and hence find a relation between x, y, zand t.
1 1 1 1
o(u,vyw,r) |11 -1 -1
a(xvyvz’t) y X _t —Z
2X 2y -2z -2t

Solution.

2 2 0 0
1 1 -1 -1

= Adding R, to R
vy X -t -z [ g Ry toRq]

2X 2y -2z -2t
PPN [Subtracting C; from C,]

0 -1 -1
=2 x-y -t -z
-2(x-y) -2z -2t
0 0 -1
=2| x-y z-t -z [Operating C, — C;]
-2(x-y) 2(t-z) -2t
O 0 -1
=2x-y)(z-t)|1 1 -z| [+ CyandC, are identical]
-2 -2 -2t

________________________________________________________________________________________________________________________________|]
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Hence the functions u, v, w, r are not independent.
Now we find a relation between u, v, w, r. We have
uv=(X+y+z+1t) (X +y-z-t)=(x+y)’ - (z +t)°
= (K +y? -2 %) + 2(xy —zt) =1 + 2w
Thusuv=................ ,
which is the required relation.

Q.4 Let
f(x,y) = 2x* = 3%y + y?
Then Lo = ﬂ(0,0)=o;ﬂ=—3x2+2y :»ﬂ(o,O):o
oX OX oy oy
2 2
= ST oa—ey=0at (0,0, 5= S = . — 0 at (0, 0)
OX oxoy
_ o 2 _ .
t= y= 2. Thusrt—s“=0. Thus it is a doubtful case
However, we can write f(x, y) = (x* — y) (2x* —y), f(0, 0) = 0
f(X, y) = (0, 0) = ....ovvee... >0fory<0orx’>y>0

<0fory>x*> %>0
Thus Af does not keep the some sign mean (0, 0). Therefore it does not have maximum or
minimum at(0, 0).
Q.5 Explain Lagrange’s Method of Undermined Multiplier.

5.5 Summary

Jacobians play important role in transformation of coordinates or change of variables. If uy,
Up,..., Uy be n differentiable functions of n variables yy, y,,...,yn, and yi, Y»,...,y, are functions of
X1, X, ..., Xp, then change of variable is given by formula

AUy Uy, Uy ) O(Up Uy, Uy) OV Yareons Y )

004K %)  O(Yorarra¥a) O Kgrrery)
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The necessary and sufficient condition that there exists a functional relation between

. . o(u,,u,,...,u
variables uy, Us,..., U, and Xy, Xy, ..., X, iS that M

O (X Xprees Xy )
A necessary condition for f(x, y) to have an extreme value at (a, b) is that
fi(a, b) =0, fy(a, b) = 0.

Further it is an easy practice to deal with d°F by expressing it in terms of two variables
only. The Lagrange’s method of undetermined multiplier gives only extreme point, but no idea
about maxima or minima at that point. To find maxima or minima for more than two variable, it
IS convenient to express the three variable in terms tf two variable only.

5.6 Keywords

Matrix, Determinants, Partial Derivative, Neighborhood of Function of More than One
Variable, Total derivative and Composite Function.

=0.

5.7 Self-Assessment Test
Q.1If

WH+v+w=x>+y>+7°%,

U+V+w=x>+y+12°,

U+V+W =x>+y° +2

o(u,v,w)  1-4(xy+yz+zx)+16xyz

(X, y,z)  2-3(U%+V:+W?)+27uPv?wW?

Q.2 Show that the functions

U=X+y+z,v=xy+yz+zxand w=x+y+ 2% 3xyz
are not linearly independent. Find the relation between them.

Q.3. Show that if xyz = abc, the minimum value of bcx + cay + abz is 3abc.

Q.4 Show that points on ellipse 5x*_6xy + 5y” = 4 for which the tangent is at the
greatest distance from origin are (1, 1) and (-1, -1).

Q.5 If ax? + by? + cz? + 2fyz + 2gxz + 2hxy = k (constant) and Ix + my + nz = 0, find
maximum and minimum value of x**y* + 2,

then prove that,

5.8 Answers to check your progress
A.1 Read the definition from 5.2.

A2 2(y - 2)(Z ~ X)X ), ~(v W) (W - u) (u-v), aa(é : VCV)) . 2(%3 ?) |
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2 0 0 0
as|t 0 Th Horeow

y Xx-y -t -z
2X 2y-2x -2z -2t
A.4 8x° — Bxy, —6X, (X —y) (2X* —y).
A.5 Read 5.3 for answer.
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MAL-512: M. Sc. Mathematics (Real Analysis)
Lesson No. VI Written by Dr. Vizender Singh

Lesson: The Riemann-Stieltjes Integrals

Structure:

6.0 Learning Objectives

6.1 Introduction

6.2 Riemann-Stieltjes Integral

6.3 Check Your Progress

6.4 Summary

6.5 Keywords

6.6 Self-Assessment Test

6.7 Answers to check your progress
6.8 References/ Suggested Readings

6.0 Learning Objectives

e The learning objectives of this lesson are to study concept of Riemann-Stieltjes
integral (due to its vast application in Probability Theory and Functional Analysis
etc.) which is generalization of Riemann integral.

e Toillustrate one of situation under which R-S integral reduces to Riemann integral.

e To study necessary and sufficient condition for existence of Riemann-Stieltjess
integral.

e To study first and second mean value theorem and fundamental theorem of integral
calculus in setting of R-S integral.

6.1 Introduction

Having discussed the Riemann theory of integration to the extent possible within the
scope of present discussion, we now pass on generalization of the topic. As mentioned earlier
many refinements and extensions of the theory exist but we shall study briefly-in fact very
briefly-the extension due to Stieltjes integration, known as theory of Riemann-Stieltjes
integration. It may be stated once for all that, unless otherwise stated, all function will be real

]
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valued and bounded on the domain of definition. The function a will always be monotonically
increasing.

As an analog to the Riemann sum, we also introduce a sum which will lead to a sufficient
condition for the existence of a Riemann-Stieltjes integral.

6.2 Riemann-Stieltjes Inteqral

Definition 6.2.1 Let f and o be bounded functions on [a, b] and o be monotonic increasing on
[a, b], b>a.

Let P ={a=Xg, Xy,..., X, = b} be any partition of [a, b] and let

Ao = a(X) — o(Xi1),1=1,2, ..., n.
Note that Ao; > 0. Let us define two sums,

UP.f, o) = 3 M; Aay

i=1
n
L(P, f, o) = D m; Agy
i=1
where m;, M;, are infimum and supremum respectively of f in Ax;. Here U(P, f, o) is called the
Upper sum and L(P, f, o) is called the Lower sum of f corresponding to the partition P.

Let m, M be the lower and the upper bounds of f on [a, b], then we have
m<m<M; <M
= m A o; <m; A a; < MjAai, < MAg,;, for Aa; >0
Putting 1= 1, 2,..., n and adding all inequalities, we get
m{o(b) — a(a)} <L(P, f, a) <U(P, f, o) < M{a(b) — a(a)} (1)

As in case of Riemann integration, we define two integrals,

[°f da=inf.UP T, o)

[*f do=sup. L(P. f, ) .(2)

where the infimum and supremum is taken over all partitions P of [a, b]. These are respectively
called the upper and the lower integrals of f with respect to .

These two integrals may or may not be equal. In case these two integrals are equal, i.e.,
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J.—abf do = ‘[abf da,

we say that f is integrable with respect to o in the Riemann sense and write fe R(a). Their
common value is called the Riemann-Stieltjes integral of f with respect to o, over [a, b] and is
denoted by

b b
[t daor [f(x)da(x).
From (1) and (2), it follows that
m{o(b) — a(@)} <L(P, f, o) < j—: f da< ‘[: fda

<U(P, f, a) < M{a(b) — a(a)} ...(3)
Note: The upper and the lower integrals always exist for bounded functions but these may not
be equal for all bounded functions. The Riemann-Stieltjes integral reduces to Riemann integral
when o(X) = X.
Note: As in case of Riemann integration, we have

(1) If f € R(av), then there exits a number A between the bounds of f such that
i f da =A{a(b) — a(a)}
(2) If f is continuous on [a, b], then there exits a number & <[a, b] such that
Tf da = (&) {a(b) — a(a)}

(3) If f € R(a), and k is a number such that
[f(x)| <k, forall x € [a, b]
then

< k{o(b) — a(a)}

b
jf da
a

(4) If f € R(a) over [a, b] and f(x) > 0, for all x € [a, b], then
b
If da{z 0, b>
4 <0, b<a

________________________________________________________________________________________________________________________________|]
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Since f(x) > 0, the lower bound m > 0 and therefore the result follows from (3).
(5) If f € R(a), geR(a) over [a, b] with f(x) > g(x), then

b b
jfdazjgda,bza,
a a

and

b b
jf dasjg do, b <a.

Theorem 6.2.2 If P* is a refinement of P, then

@ UP*f, a)<UP, T a)and

(b) L(P* f, o)>L(P, T, o),
Proof. (a) Let P = {a = Xq, X4,..., X, = b} be a partition of the given interval. Let P* contain just
one point more than P. Let this extra point & belongs to AX;, i.e., Xi_; < § < X;

As f is bounded over the interval [a, b], it is bounded on every sub-interval Ax; (i = 1,
2,...,n). Let V1, V,, M be the upper bounds (supremum) of f in the intervals [xi_1, ], [, xi],
[Xi_1, X;], respectively.

Clearly

Vi <M and V, < M.
UP*, f, o) —U(P, f, a) = Vi{a(E) — alxi-1)} + Va{alxi)— a(€)} — Mi{o(xi) -
(X1}
= (V1= My) {a(8) — alxi-)}+ (V2 = M) {a(xi) — a(E)}
<0
= UP*f, o)< URP, T o)

If P* contains m points more than P, we repeat the above arguments m times and get the
result.

The proof of (b) runs on the same arguments.

Theorem 6.2.3 A function f is integrable with respect to o on [a, b] if and only if for every ¢ >
0 there exists a partition P of [a, b] such that

UP, f,a) - L(P,f,a)<e

]
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Proof. Let f € F(a) over [a, b]

[t da=£bf da:j: f dot

Let € > 0 be any number.

Since the upper and the lower integrals are the infimum and the supremum of the set of
the upper and the lower sums, therefore 3 partitions P, and P, such that

_ b
U(Py, f, a) < _[: fd(l'i'%-S: Ifdoc+%a

_ b
L(Pz,f,(l)>j f doc—%s::jfdoc—%s

Let P = P, U P, be the common refinement of P, and P-.
UP, f, o) <U(Py, T, )

b
<'|.fdoc+%s<L(P2,f,oc)+s
a

<L(P,fa)+e
= UP,f,a) - L(P, f,a)< e
Converse
For € >0, let P be a partition for which
UP,f,a) —L(P, f,a) < e
For any partition P, we have

LP.f,0) <[ fda< ["f da<UP,f )

J‘abf d“‘fabf doa<UP,f a)-L(P, f o)< e
j—:f = ['f da

so that feR(a) over [a, b].
Theorem 6.2.4 If f; € R(a) and f,eR(a) over [a, b], then

]
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b b b
fy+f, € R(o) and [(f, +f,) da=[f; da+ [f, da
a a a

Proof. Letf =1, + 1.
Then f is bounded on [a, b].

If P = {a = X, Xg,..., X, = b} be any partition of [a, b] and m,M/; m!, M]; m;, M; the
bounds of fy, f, and f, respectively on Ax;, then

m; +m; <m; <M, <M +M{

Multiplying by Aa; and adding all these inequalities fori=1, 2, 3,..., n, we get

L(P, f;, ) + L(P, f;, o) <L(P, f, ) <U(P, f, o)

<U(P, fy, a) + U(P, f, o) ..(1)

Let € > 0 by any number.
Since f; € R(a), f, € R(a), therefore 3 partitions P4, P, such that

U(Pl, fl, (1) — L(Pl, fl, OL) < %E

U(Pz, f2, OL) — L(Pz, f2, OL) < %E
Let P = P, U Py, a refinement of P, and P».

U, f1, ) - L(P, f1, a) < L

UP, f2, o) —L(P,fpa) < Le ...(2)

Thus for partition P, we get from (1) and (2).
U, f, o) - L(P, f, o) <U(P, f;, o) + U(P, f,, o) — L(P, f1, o) — L(P, f>, o)

<tetle=e

=  feR(a)over[a, b]

Since the upper integral is the infimum of the upper sums, therefore 3 partitions Py, P,
such that

]
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b
U(Py, fy, 0) < [fida+ Le
a

b
U(P2, T, o) < [f, da+ Le
a
If P =P, U P,, we have

b
U(P.fy,0) < [f; do+2e
; 3)

b
UP.fp,0) < [f, datze
a

For such a partition P,

Tf do <U(P, f, o) <UP, f, o) + UP, fp, o) [from (1]

b
< [fyda+[f, dx+ & [by (3)]
a a
Since ¢ is arbitrary, we get
b b b
[fda<[f da+[f, da ..(4)
Taking (-f,) and (—f,) in place of f; and f,, we get
b b b
[t da>[f, da + [f,do ...(5)
a a a
(4) and (5) give
b b b
[fda=[f, da+[f, da
Theorem 6.2.5 If f € R(a), and c is a constant, then

b b
cf € R(a) and [cf da=c[f da
a a

]
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Proof. Letf eR(a) and let g = cf. Then

UP, g, 0) = M, Ag, = 3 cM,Aa,
i=1 i=1

= Czn: M. Ao,

i=1

cUP, f, o)

Similarly
L(P,g,a)=cL(P, T, a)

Since f € R(a), 3 a partition P such that for every € >0,

UP, f,a) - L(P, f, o) < %

Hence
UP, g, a) —L(P, g, a) =c[U(P, f, &) — L(P, f, a)]
c
<C—=e.
C
Henceg=cf e R(a).

b
Further, since U(P, f, a) < I fda+§,

b
o da<U(P, g, 0)=cUP, T, 0)

b
<cC Uf da+§j

Since e is arbitrary

b b
[gda<c[fda

a

Replacing f by —f, we get

|
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b b
[g da>[f da

Hence j(cf)da = cif da

Theorem 6.2.6 If f € R( a) on [a, b], then f eR(a) on [a, c] and feR(a) on [c, b] where ¢ is a
point of [a, b] and

if da:jf da+.?f da

Proof. Since f € R(a), there exists a partition P such that
UP,f,a)-L(P, f,a)<e, €>0.
Let P* be a refinement of P such that P* = P U{C}. Then
L(P, f, o) <L(P* f, o) <U(P* f, o) <U(P, f, )
which yields
UP*, f, o) — L(P*, f, a) <U(P, f, a) - L(P, f, o) (1)

Let P, and P, denotes the sets of point of P* between [a, c], [c, b] respectively. Then P, and P,
are partitions of [a, c] and [c, b] and P* = P, U P,. Also

UP*, f, o) = U(Py, f, o) + U(Py, T, o) (2)
and
L(P*, f, a) = L(Py, f, o) + L(P,, f, &) (3)
Then, (1), (2) and (3) imply that
U(P*, f, o) — L(P*, T, o) = [U(Py, f, o) — L(Py,f,a)] + [U(P2,f,a) —L(P2,f, )]
<e

Since each of U(Py, f, a) — L(Py, f, &) and U(P,, f, o) — L(P,, f, o) is non—negative, it follows
that

U(P,, f,a) —L(P, f, ) < /2
and

UP,, f,a) —L(P,, f, ) < €/2
Hence f is integrable on [a, c] and [c, b].
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Taking inf. for all partitions, the relation (2) yields
ifdazja'fdmifda (4)
But since f integrable on [a, c] and [c, b], we have
if(x)dazjf da+if da (5)
The relation (3) similarly yields
Tf daﬁjf doc—i—ifda (6)
Hence (5) and (6) imply that
Tf da:jf d(x+jlf do
Theorem 6.2.7 If f eR(a) and if [f(X)| < K on [a, b], then

< K[a(b) — a(a)].

b
J‘f do

Proof. If M and m are bounds of f € R(a) on [a, b], then it follows that
b
m[o(b) — a(a)] < j fdoa <M[o(b) —a(a)] forb>a. (1)
In fact, if a = b, then (1) is trivial. If b > a, then for any partition P, we have

mla(b) - a@)] < Ym, Ac;=L(P, f, )
< j!f da

SUP,f,a)= D> M, Ac,
< M[a(b) — a(a)] which yields

mla(b) — o(a)] < f f do. < M[a(b) — o(2)] )
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Since |f(x)| < k for all xe[a, b], we have

—k <f(x) <k
so if m and M are the bounds of fin [a, b],

-k <m <f(x) <M < kforall x € [a, b].
If b >a, then a(b) — a(a) > 0 and we have by (2)

— K[ou(b) — a(a)] < m[a(b) —a(a)] < if da

< M[a(b) — a(a)] <k [a(b) — a(a)]

Hence
b
[ da| <k[oa(b) - oua)]
Theorem 6.2.8 If f € R(a) and g eR(a) on [a, b], then f.g € R, [f| € R(a) and
b b
[f da|<|f] do

Proof. Let ¢ be defined by ¢(t) = t* on [a, b]. Then h(x) = ¢[f(x)] = f* € R(a) .
Also

fg= % [(F +0)P — (F— 9.

Since, f, g eR(a), f+g € R(a), f—g € R(a). Then, (f + g)? and (f — g)* € R(a) and so their

difference multiplied by % also belong to R(a) proving that fg € R.

If we take ¢(f) = |t| , then |f| € R(a). We choose ¢ = £ 1 so that
c If do >0

Then
Hf da\zjf do=[cfda<[|flda

Because cf < |f|.

|
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(3) if f; € R(w), f, € R(a) and fy(x) < f,(x) on [a, b] then

b b

[f, da< [f, da

a a
Theorem 6.2.9 If f € R(oy) and f € R(a), then

b b b

f e R(o + az) and [f d(o, +a,) = [f da; + [f da,

and if f € R(o) and c a positive constant, then
b b
f € R(ca) and jf d(ca):cjf do..

Proof. Since f € R(ay) and f € R(a,), therefore for € > 0, 3 partitions Py, P, of [a, b] such that

U(Pl, f, OL]_) - L(Pl, f, OL]_) <§8

U(Pz, f, Otz) - L(Pz, f, Olz) < %S
LetP=P,UP,

UP, f, o) —L(P, f,oq) < Ze

U(P, f, ) —L(P, f, o) < 1¢ ...(1)

Let the partition P be {a = X, X1, Xo,..., X, = b}, and m;, M; be bounds of f in Ax;.
Let oo = oy + aly.
a(x) = au(x) + az(X)
Aayi = o (Xi) — o (Xi-1)
Aagi = 0p(Xi) — 0a(Xi-1)
Aai = aX) — auXi-1)
= g (X;) + o2(Xi) — o (Xio1) — o2(Xi-1)
= Aoyj + Aoy
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U(P, f, OL) = ZMi Aai
= ZMi (Aoyi + Aaiy)

=U(P, f, on) + UP, T, arp) ...(2)
Similarly,
L(P, f, o) =L(P, f, o) + L(P, f, o) ...(3)
UP, f, a) — L(P, f, a) = U(P, f, oy) — L(P, f, oiy)
+U(P, f, ap) — L(P, f, ap)

<lg+ Lg=¢g[using (1)]

= f € R(a), where a. = oy + ap

Now, we notice that

b
jf do = inf UP, f, o)
a

= inf {U(P, f, az) + U(P, f, o)}
> inf UP, f, ay) + inf UP, f, o)

b b
= [f doy + [ da, ..(4)
a a
Similarly,

b
[fda =supL(P,f, )

b b
< jfda1+jf dot, ..(5)
a a
From (4) and (5),
b b b
[t da=[f do, +[f da,
a a a
where o = oy + .

|
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Integral as a limit Sum

For any partition P of [a, b] and t; € Ax;, consider the sum

SP, f, o) = () A

i=1
We say that S(P, f, o) converges to A as u(P) — 0 if for every € > 0, there exists 6 > 0 such that
IS(P, f, &) — A| < &, for every partition P = {a = Xq, X1, X»,..., Xn = b}, of [a, b], with mesh/norm
u(P) < & and every choice of t;in AXx;.

Theorem 6.2.10 If S(P, f, o) converges to A as p(P) — 0, then
b
feR(a),and lim S(P,f, )= |fd
=Ry and lim S(P.f,c) = [f da

Proof. Let us suppose that lim S(P, f, o) exists as u(P) — 0 and is equal to A.

Therefore, by definition of limit, for € > 0, 3 3 > 0 such that for every partition P of [a, b] with |
u(P) - 0| < & and every choice of t; in Ax;, we have

ISP, f, o) —Al< Le
or
A-1e<S(P fo)<A+1le ...(1)

Let P be a partition. If we let the points t; range over the interval Ax; and take the
infimum and the supremum of the sums S(P, f, o), (1) yields

A-2e<LP fa)<UP fo)<A+le ...(2)

= UP, f,a) - L(P,f,a)<e

=  feR(a) over [a, b]

b
Again, since S(P, f, o) and jf dao lie between U(P, f, o) and L(P, f, o)

<UP,f, o) - L(P, f, o) <&

b
S(P.f,a)- [f da

|
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b
= lim S(P,f,a)=|fd
n(P)—0 ( u) '!- ¢

Theorem 6.2.11 If f is continuous on [a, b], then f € R(a) over [a, b]. Also, to every € > 0 there
corresponds a 6 > 0 such that

<eg

b
S(P,f,a)—jf do:

for every partition P = {a = Xq, X1, X»,..., X, = b} of [a, b] with u(P) < &, and for every choice of
ti in AX;, 1.e.,

b
lim S(P,f,a)=[f da
a

n(P)—0

Proof. Let ¢ > 0 be given, and let 1 > 0 such that
n{a(b) —a(a)} <e (D)

Since continuity of f on the closed interval [a, b] implies its uniform continuity on [a, b],
therefore for 1 > 0 there corresponds & > 0 such that

[f(t) — f(t)l <m, iffts—t] <5, ty, t, € [a, b] -(2)
Let P be a partition of [a, b], with norm p(P) < 8.
Then by (2),
Mj—mij<n,1=1,2,...,n
UP, f, a) —L(P, f, ) = > (M; — m)AX;

<1 Z:AXi
i

=n(a(b) —a(@)} <e (3
=  feR(o) over [a, b].
Again if feR(a), then for € >0, 3 6 > 0 such that for all partitions P with p(P) < 9,
JUP, f,a) —L(P, f, a)|<e
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b
Since S(P, f, o) and jf da both lie between U(P, f, o) and L(P, f, o) for all partitions P with
u(P) < 6 and for all positions of t; in Ax;.

<UP,f,a)-L(P, f,a)<e

b
S(P,f,a)—jf da
a

n b
= lim S(P, f, o) = M(Ig?loéf(ti) Ao, = !f do

pn(P)—0

Theorem 6.2.12 If f is monotonic on [a, b], and if o is continuous on [a, b], then feR(a).
Proof. Let € > 0 be a given positive number.

For any positive integer n, choose a partition P = {Xq, Xu,..., X,} of [a, b] such that

Ao = —a(b);“(a) i=1,2,

...,n

This is possible because o is continuous and monotonic increasing on the closed interval
[a, b] and thus assumes every value between its bounds, o(a) and o(b).

Let f be monotonic increasing on [a, b], so that its lower and the upper bound, m;, M;, in
AX; are given by

m; = f(xi-1), Mj=1(x;)), i=1,2,...,n

UGP. f, o) = L(P, T, 0) = (M, — m)Acy
= (OO 0 (¢}

- SO0 1) - )

<g, for large n
=  feR(a)over [a, b]

Example 6.2.13 Let a function a increase on [a, b] and is continuous at x’, where a < x’ < b and
a function f is such that

f(x") =1, forx =x" , and f(x) =0, for x # X’

|
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b
then prove feR(a) over [a, b], and [f do =0

Solution. Let P = {a = Xq, X1, Xs,..., X, = b} be a partition of [a, b] and let X’ € AX;.

But since a is continuous at X" and increases on [a, b], therefore for € > 0, we can choose
d > 0 such that

Ad; = a(X;) — a(Xi_y) < g, for Ax; <o

Let P be a partition with u(P) <. Now
U(P, f, o) = Ay, [By using definition of f(x)]
L(P,f,a) =0

Lbf da = inf U(P, f, a), over all partitions P with u(P) <o

=0= J.bf da

~a

b
=  feR(a),and [f da=0.
a

Theorem 6.2.14 If f € R[a, b] and a is monotonic increasing on [a, b] such that o €
R[a, b], then f € R(a), and

b b
jfda:jfa' dx
a a

Proof. Let € > 0 be any given number.
Since f is bounded, there exists M > 0, such that
IfX)| <M, VXxelab]

Again since f, o’ € R[a, b], therefore fo' € R[a, b] and consequently 3 6, > 0, 6, > 0
such that

‘Zf (t)er ()% — | far dx‘ <el2 (1)
for u(P) <8, and all t; € Ax;, and
‘Za'(ti)Axi ~[or dx‘ < &/4M ..2)

for u(P) <4, and all tj € AX;

|
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Now for u(P) < 9, and all t; € Ax;, Si € AX;, (2) gives

Y - () Ax <2 &~ &
Tlo(t) — o/ (8)] Ax; <2, o= .3

Let & = min (84, 8,), and choose P any partition with p(P) < 0.
Then, for all t; € Ax;, by Lagrange’s Mean Value Theorem, there are points s; € Ax; such that
Aa = [ou(Xi) - ou(Xi1)] = o' (Si) [Xi — Xir]= o' (Si) AX; (4
Thus
‘Zf(ti)Aai ~ [ dx‘ =‘2f(ti)(x'(si)Axi —jfa'dx‘
= ‘Zf(ti)a'(ti)Axi — [forx + (4 (5,) - ot (1))
< ‘Zf(ti)a'(ti)Axi ~[fa dx‘

+ 2 [f(t)] o' (i) — o' (ti)] AX

< E_{_ Mi =g
2 2M
Hence for any € > 0, 3 & > 0 such that for all partitions with u(P) < g, (5) holds
b
= lim 3f(t) Aoy exists and equals [ fo" dx
n(P)—0 .

b b
=  feR(a),and [ f da=] fa'dx.
Theorem 6.2.15 If f is continuous on [a, b] and o a continuous derivative on [a, b], then
b b
[t da=[fa' dx
a a

Proof. Let P = {a = X, ...., X, = b} be any partition of [a, b]. Thus, by Lagrange’s Mean
value Theorem it is possible to find t; € ]x;_1, X[, such that

0L(Xi) - 0L(Xi—l) = O(',(ti) (Xi - Xi—l)a 1= 1) 29' - 1
or
Aa; = OL'(ti) AX;
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SP. f, o) = (L) Ay

i=1

= 2(1) o/(6) A% = S(P, for) (6)

i=1

Proceeding to limits as u(P) — 0, since both the limits exist, we get
b b
[t da=[fa' dx
a a
Example 6.2.16
2 2 2
(i) Ixz dx? = Ixz 2X dx=J'2x3 dx =8
0 0 0

2 2
(i) [xJdx* = [[x]2xdx
0 0

1 2
= j[x]Zx dx+.|.[x]2x dx=0 3=3
0 1

First Mean Value Theorem

Theorem 6.2.17 If a function f is continuous in [a, b] and o is monotonic increasing on [a, b],
then there exists a number & in [a, b] such that

b
[ (0 da(x) = (&) [a(b) — cu(a)]

Also as f is continuous and o is monotonic, therefore f € R(a).
Proof. Let m, M be the infimum and supremum of fin [a, b]. Then

b
m{a (b) —a(a)} < f f do < M{a(b) — a(a)}
a
Hence there exists a number p, m < u < M such that

[t do = pfa(b) - a(@)}
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Again, since f is continuous on [a, b], therefore it assumes every value between its bounds, there
exists a number § € [a, b] such that f(§) =

b
[ do=f(8) {a(b) - (@)}

Remark 6.2.18 It may not be possible always to choose & such thata < & < b.

0, x=a

Consider a(x) = {1 2 <x<b

For a continuous function f, we have
b
jf da =f(a) = f(a) {a(b) — a(a)}
Theorem 6.2.19 If f is continuous and a. monotone on [a, b], then
b b
[ da=[f(x) a(x)] - [a df

Proof. Let P ={a =X, Xi....., X, =b} be a partition of [a, b].
Let t, to,..., ty such that x;_; < t; <X;, and let t; = a, t,+4= b, sothat ti_; < X;_; <t;.
Then Q ={a =1y, ty, t,..., t,, thss=b} is also a partition of [a, b]
Now
SP, £, o) = () Ay
i=1
= f(ty) [o(x1) — a(Xo)] + f(t2)[au(X2) — a(X)] + ...
+ 1(t) [ou(Xn) — 0u(Xn-1)]
= —a(Xo) f(t) — aXy) [(t2) — f(ts)]

+ a(x2) [f(ts) - f(t2)] + ...

+ a(Xn-1) [F(tn) — F(tn-1)] + o (Xn) F(tn)
Adding and subtracting a(Xg) f(to) + ou(Xn) f(t,+1), We get

S(P, f, OL) = (X(Xn) f(tn+1) — OL(Xo) f(to) — ia (Xi) {f(ti+1) — f(t,)}
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|
= f(b) a(b) — f(a) a(a) — S(Q, a, f) (D)
If W(P) — 0, then w(Q) — 0, then, lim S(P, f, o) and lim S(Q, a., f) both exist and that

b
lim S(P, f, @) = [f da

and
b
lim S(Q, o, f) = [a df

Hence proceeding to limits when p(P) — 0, we get from (1),

b b
[t da=[fe)ax)] - o df .(2)

where [f(x) a(x)];’ denotes the difference f(b) a(b) — f(a) a(a).

Corollary 6.2.20 The result of the theorem can be put in a slightly different form, if, in addition
to monotone property, o is continuous also
b

Tf do. = f(b) a(b) - f(a) a(a) - [o of

= f(b) a(b) - f(a) a(a) — a(&) [f(b) - f(a)]

= f(a) [a(&) — a(@)] + f(b) [au(b) — a(E)]
where § € [a, b].
Stated in this form, it is called the Second Mean Value Theorem.

Integration and Differentiation
Definition 6.2.21 If f R on [a, b], than the function F defined by

F(t) = jf(x) dx, t € [a b]

is called the “Integral Function” of the function f.
Theorem 6.2.22 If f R on [a, b], then the integral function F of f is continuous on [a, b].
Proof. We have
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F(t) = jf(x) dx

Since f € R, it is bounded and therefore there exists a number M such that for all x in [a, b],
[f(X)| < M.

Let € >0 be any positive number and ¢ any point of [a, b]. Then

c+h

F(c) = jf(x) dx, F(c + h) jf(x) dx

Therefore,

c+h c

Fc+h)-F@©)=| [ f()dx—[f(x)dx|

c+h

[f0dx

<M ||

<eiflh|< =
M

Thus, [(c+h) —c|<d= 5 implies |[F(c + h) — F(c)| < €. Hence F is continuous at any point c

€[a, b] and is so continuous in the interval [a, b].

Theorem 6.2.23 If f is continuous on [a, b], then the integral function F is differentiable and
F'(Xo) = f(Xo), Xo€[a, b].

Proof. Let f be continuous at X, in [a, b]. Then for for every € > 0 there exists 6 > 0 such that
[f(t) — f(xo)| < € 1)
Whenever |t — Xo| < 8. Let Xg— 8 <s<Xy<t<Xg+danda<s<t<b,then

M_f(xo>:‘ijf<x>dx—f<xo>
t—s t_ss

1 1
= | — | f(X)dx ——— | f(x,)dx
A frooa 2 ro
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dx < €,

[F00—F(x,)

1
t—s

JTF () = £ (%)l

-
t—s

(Using (1)).
Hence, F'(Xo) = f(Xo). This completes the proof of the theorem.
Fundamental Theorem of the Integral Calculus

Theorem 6.2.24 If f € R on [a, b] and if there is a differential function F on [a, b] such that F’' =
f, then

if(x)dx = F(b) - F(a)

Proof. Let P be a partition of [a, b] and choose t; (1= 1, 2,...., n) such that x;_; < t; < X;. Then, by
Lagrange’s Mean Value Theorem, we have

F(xi) — F(Xi-1) = (Xi — Xi—2) F'(ti) = (Xi — Xi-1) f(t;) (since F' =)
Further,

F(b) - F(@) = 2IF(x) ~F(x,,)]
= 2H(L) (-0
= Z::f(ti) AX;
and the last sum tends to Tf(x) dx as |P| = 0, taking a(x) = x. Hence

Tf(x)dx =F(b)-F(a).

Integration of Vector-Valued Functions

Let f. fy,...., fi be real valued functions defined on [a, b] and let f = (f;, f»,...., fx) be the
corresponding mapping of [a, b] into R,
Let o be a monotonically increasing function on [a, b]. If f; € R(a) fori=1, 2,...., k, we say
that f € R(a) and then the integral of f is defined as
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b
Thus [f da is the point in R“ whose ith coordinate is [f, do.

It can be shown that if f € R(a), g €R(w),

then
b b b
(i)  [(F+g)do=[fda+[gda
b c b
(i) [fda=[fda+[fdaa<c<b.
(i) iff € R(o), f eR(aw), then f € R(oy + o)
b b b
and [fd(a+o)=[fdoy+ [f day

since fundamental theorem of integral calculus holds for vector valued function, we have
Theorem 6.2.25 If f and F map [a, b] into R¥, if f € R(a) and F’ = f, then

if(t) dt=F(b) — F(a)

Theorem 6.2.26 If f maps [a, b] into R* and if f € R(a) for some monotonically increasing
function a on [a, b], then |f| € R(a) and

b b
[f da|<|f| da.
Proof. Let
f=(f...., f).
Then

Ifl = (2 + ...+ £
Since each f; € R(«), the function f? € R(c) and so their sum f,* +...+ fiZ € R®. Since x? is a
continuous function of x, the square root functions of continuous on [0, M] for every real M.

Therefore, [f| € R().
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Now, lety = (Y1, Ya...., i), Where y; = [f, da, then

y:Ifdoc
and

=2y =2y, Jf da
= I(Zyi fi)doc

But, by Schwarz inequality
DY @) <yl @@<t<b)

Then

(1) <yl [ Ifl da

If y =0, then the result follows. If y = 0, then divide (1) by |y| and get
vl < [If |dot
b

or [If ] do< [If|do

Rectifiable Curves
Definition 6.2.26 Let f : [a, b] - R be amap. If P = {Xo, X4,...., X»} is a partition of [a, b], then

V(f, a,b) = lub Y[F(x,)~ f(x2)l

where the lub is taken over all possible partitions of [a, b], is called total variation of f on [a, b].
The function f is said to be of bounded variation on [a, b] if V(f, a, b) < + oo.

Definition 6.2.27 A curve v: [a, b] - R¥ is called rectifiable if y is of bounded variation. The
length of a rectifiable curve y is defined as total variation of v, i.e., V(y, a, b) = V(P, 7).

Thus, the length of rectifiable curve y is given by
V(P, y) = sup. Z|7(Xi)_7(xi—l)|
i=1

for the partition P = {Xq, X1,...., X, }.
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Theorem 6.2.28 Let y be a curve in R¥. If y' is continuous on [a, b], then y is rectifiable and has
length

VP, v) =[l7'®|dt

b
Proof. We have to show that, j| y'(t)|dt = V(y, a, b). Let P = {X....., xn} be a partition of [a, b].

By Fundamental Theorem of Calculus, for vector valued function, we have

S 1) -1x ) 2 [r
<3 firoa
= Iy @1dt

Thus by taking supremum both side, we have
b
V(y, a, b) < [|y'(t)| dt for all partition P (1)

Converse

Let € be a positive number. Since y' is continuous and hence uniformly continuous
on [a, b], there exists & > 0 such that

V') —v' ()< e, ifls—t<3.
If norm of the partition P is less then 6 and x;_; < t < X;, then we have

[v'(t) —v'(x)| < € for Xy <t <X

= @ =) <) -y)<e
= 'OI< Y ()l + €,

so that

- flv (01 dt< e ax+ ool ax

________________________________________________________________________________________________________________________________|]
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= | [l @ +vx) -7 (0]t

Xj-1

(17 @yt

Xj-1

IA

+

Xj-1

< ly(Xi) —y(Xico)| + € [Xi — Xial+ € A X

= ly(Xi) —y(Xic)| + 2 €. A X

Adding these inequalities for 1= 1, 2,..., n, we get
b n
[lv@1dt<>1y(6) -y + 2 €. (b - a)
a i=1

=V(y,a,b)+2e(b-2a)
Since e is arbitrary, it follows that

JIv®ldt<V(y, a b) )

Combining (1) and (2), we have

[l ®1dt=V(y,ab)

b
Therefore, length of y = jl v ()] dt.

6.3 Check Your Progress

Fill in the blanks in following question.

Q.1Iff € R(a), then |f| € R(a). Is the converse true if not provide the suitable

example.
Solution. If f € R(a), then |[f| € R(a). (cvvvvvevvinnnnnnn.n. )
But the converse is not true.
For Example
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1, when x is rational
-1 when x is irrational

Let f(x):{

Let P = {a = Xq, Xu,...., X, = b}be any partition of f on [a, b].
Let m; and M; be infimum and supremum of f on [X;.1, Xi], then
mi=-land M;=1, forI=1,2, ..., n.

Now L. o)= D mac= (DA = cooreeeee
UP. f.0) = Y M A = Y A = oovveeeeene

Therefore, I f(x).da(x) = sup.{L(P,f0)}, _ Pab] = Sup{(a—b)}=a-band

jlf(x).da(x) = inf. {U(P,f,a)}P < P[ab] =Inf{(b—-a)}=b-a.

Hence, f ¢ R(a), but [f(x)|=............ for all x, being constant function so |f| € R(a).

Q.2 If f € R(0), then 2 € R(w). Is the converse true if not provide the suitable
example.

Solution. If f € R(a), then|[f| e R(a). (..vvevvvevvinnnnnntt, )
But the converse is not true.

For Example
Let § (x)={ 1, when x i_s ratio.nal
—1, when x is irrational
Let P = {a = Xq, Xu,...., X, = b}be any partition of f on [a, b].
Let m; and M; be infimum and supremum of f on [X;.1, Xi], then
mi=-land M;=1,forI=1,2,...,n.

Now L. o)= D mac= Y (DAg = oo
UP.f0)= Y MAx = Y WAa = oo

b
Therefore, J.f(X).d(x(X) =sup {L(P.LOIp _pro = Sup.{(a—b)}=a—b and
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D ey T

f00).do(x) = inf {UPLD}p _ pr, o = INfA(D - 2)}=b -2

Hence, f ¢ R(a), but fP=............ for all x, being constant function so [f| € R(a).

Change of Variable
Q.3 If fis a continuous function on [a, b] and ¢ is continuous and strictly increasing on [a, ]

wherea= ¢ (a)andb = ¢(p), then

b B
[ 109 dx=[(4(y)) d(y)

Solution. Let ¢ be strictly monotonically increasing.
Since ¢ is strictly monotonic, therefore it is invertible, i.e.,
X=¢(y)
= y=¢'(x) V xin[a, h].
Sothat o= ¢*(a) and B= ¢ (b)
Let P = {a = Xq, X4,...., X, = b} be any partition of fon [a, b] and let Q = {a = Yo, V1,...., yn = B
}be corresponding partition of [a, B].
Putting, g(y) = f(¢ (y), we have

g TG ) (X = X)) = e ..(D)
i=1

[-Ax = (Xi - Xi_l) =p(y:)- #(Yi1) =Ad]
Since ¢ is continuous on the close and bounded interval, it is uniformly continuous on [a, b].
Therefore, w(Q) — 0 as wP) — 0, then

E f(X).(X = X)) = e when p(P)—0.
i=1
n s
and , _Zlg(yi)-[(¢(yi)-¢(yi.1)]% J g(y)d(¢(y))  when p(Q)—0.
1= a
Therefore letting the limit as w(P) — 0 in (1), we get
b B
j F(X) AX= v, = j f(A(y)) d(4(y)).
6.4 Summary
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On setting function a (x) as identity function the R-S integral reduces to Riemann integral.
Upper and lower integral always exist for bounded function but these may not be equal for all
bounded functions. There exists the functions which are R-S integrable but for which limit of
sum S(f, P, o) does not exist, i.e., the existence of limit of S(f, P, o) is only a sufficient condition
for function to be R-S integrable. Also continuity is sufficient condition for f € R(a). Bounded
and continuous function f can be integrated with respect to any monotonic increasing function
o. Bounded and monotonic function f can be integrated with respect to any monotonic
increasing and continuous function a. Theorem 6.2.29 is similar to theorem, integration by
parts’ for Riemann integral.

6.5 Keywords
Supremum and Infimum of a Set, Riemann Integral, Continuity, Monotonicity, Function of
Bounded Variation, Lagrange’s Mean Value theorem.

6.6 Self-Assessment Test

Q.1 Evaluate the following integrals:

(i) j‘-(x—[x])dxz (ii) i& dx®
(iii) f[x] d(e) (iv) jzx d(sin X).
) fxd(x—[x]) (vi) [0od [x]

1
Q.2 Evaluate Ix d x* from definition of Riemann-Stieltjes Integral
0

6.7 Answers to check your progress

A.1 Do practice on similar lines as in Riemann integral, (a — b), (b —a), 1.
A.2 Do practice on similar lines as in Riemann integral, (a — b), (b —a), 1.
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n b B
A3 3 g)L@()- ¢y, [0 dx, [gm)d(S).
i:]_ a a
6.8 References/ Suggested Readings
1. T.M.Apostol, Mathematical Analysis, Narosa Publishing House, New
Delhi,1985.
2. R.R. Goldberg, Methods of Real Analysis, John Wiley and Sons, Inc., New
York, 1976.

3. S.C. Malik and Savita Arora, Mathematical Analysis, New Age
international Publisher, 5t edition, 2017.

4. H.L.Royden, Real Analysis, Macmillan Pub. Co. Inc. 4th Edition, New
York, 1993.

5. S.K. Mapa, Introduction to real Analysis, Sarat Book Distributer, Kolkata.
4" edition 2018.

|
DDE, GJUS&T, Hisar 153 |



Real Analysis MAL-512
W

MAL-512: M. Sc. Mathematics (Real Analysis)

Lesson No. VII Written by Dr. Vizender Singh

Lesson: Measure Theory

Structure:

7.0 Learning Objectives
7.1 Introduction

7.2 Measure Theory

7.3 Check Your Progress

7.4 Summary

7.5 Keywords

7.6 Self-Assessment Test

7.7 Answers to check your progress
7.8 References/ Suggested Readings

7.0 Learning Objectives

Learning objective is to gain understanding of the outer measure theory and definition
with main properties. To construct Lebesgue's measure on the real line. To explain
the basic advanced directions of the theory.

The learning objectives of this lesson are to study concept of outer measure which is
generalizations of length, area and volume, but are useful for much more abstract and
irregular sets than intervals in R or balls in R®

The objective of constructing an outer measure on all subsets of X is to pick out a
class of subsets (to be called measurable) in such a way as to satisfy the countable
additivity property

Learning objective is to generalize the Riemann integral, which has its origins in the
notions of length and area.

To introduce the concepts of outer measure and measure: to show their basic
properties, and to provide a basis for further studies in Analysis, Probability, and
Dynamical Systems.
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7.1 Introduction

In previous classes we have studied about the length of interval. It is defined as
difference of ends points. Clearly, length of each of interval [a, b], [a, b), (a, b] and (a, b) is b —
a. | is an interval then length of I is denoted by I(I). The concept of measure in an interval is an
extension of concept of length. In the present lesson, we shall discuss the concept of measure
with the help of length of interval. As we know that length is an example of a set function, i.e., a
function which associates an extended real number to each set in some collection of sets. In the
case of length, the domain is the collection of all intervals. The set function | satisfying the
following conditions:

(1) I(1) >0 for all intervals 1, i.e., length of any interval is always non-
negative.

(i) If {1;} is countable collection of mutually disjoint interval such that U I, is

an interval then, I((J1;) = D I(1;).

(iii) For any fixed real number x, I(1) = I(1 + x).
7.2 Measure Theory

Definition 7.2.1 The length of an interval | =[a, b] is defined to be the difference of the end
points of the interval | and is written as I(I)=b - a.

The interval | may be closed, open, open-closed or closed-open, the length I(I) is always
equals b—a, where a <b. In case a = b, the interval [a, b] becomes a point with length zero.

Definition 7.2.2 A function whose domain of definition is a class of sets is called a set function.
In the case of length, the domain is the collection of all intervals.

In the above, we have said that in the case of length, the domain is the collection of all intervals.
Length of a Set

Definition 7.2.3 Let A be an open set in R and let A be written as a countable union of
mutually disjoint open intervals {l;} i.e.,

A=UIi.

Then the length of the open set A is defined by

]
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I(A) = ZI(Ii).
Also, if A;and A, are two open sets in R such that A; — A,, then
I(A) <I(AL).
Hence, for any open set A in [a, b], we have
0<I(A)<b-a

Outer Measure

Definition 7.2.4 The Lebesgue outer measure or simply the outer measure m*(A) of an arbitrary
set A is given by

m*(A) = inf ZI(Ii),

where the infimum is taken over all countable collections {l;} of open intervals such that A —
U
i

Remark 7.2.5 The outer measure m* is a set function which is defined from the power set P(R)
into the set of all non-negative extended real numbers.

Theorem 7.2.6 Prove the following properties of outer measure function:
(@) m*(A) >0, for all sets A.
(b) m*(¢) = 0.
(c) If A and B are two sets with A c B, then m*(A) < m*(B).
(d) m*(A) = 0, for every singleton set A.
(e) m* is translation invariant, i.e., m*(A + x) = m* (A), for every set A and
for every xeR.

Proof. (a) Since the length is always non-negative and infimum of non-negative is non-
negative. Therefore by definition of outer measure,

m*(A) > 0, for all sets A.

(b) Since ¢ < |, for every open interval in R such that
Ih= | X——, Xx+=
n n

|
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So 0<m*(@)<I(,)or 0<m*(¢p) < % for each neN. For arbitrary large n, %;0. Hence,

m*(¢) = 0.

(c) Let {I,} be a countable collection of disjoint open intervals such that
B < [ JI,. Insuchaway m"(B)=>_I(I,). Then Ac| 1, as A < B and therefore

m*(A) < Y I(I,) = m"(B).

This property is known as monotonicity.
(d) Since

{xX}cl,= }x—%,x+£{

n

is an open covering of {x},so 0 < m*({x}) <I(l,) and I(l,) = % for each neN. For arbitrary

2
large value of n, o ~0.

Another Proof. Let A = {x} be singleton set.
Then we can write
X} =[x x].
= m*(A) = length of interval = x — x =0.
(e) Let I be any interval with end points a and b, the set | + x defined by
| +x={y+x:yel}
is an interval with end points a + x and b + x. Also,
I(1 + x) = I(I).
Now, let € > 0 be given. Then there is a countable collection {I,} of open intervals such
that A <[ J1, and satisfies
n

D)< m*(A) + e.
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Also, A+xc | J(I, +x). Therefore
n

M*(A+x) < DIl +x)= D I(1) <m*(A) + €

Since € > 0 is arbitrary, we have m*(A + x) < m*(A). If we take A = (A + x) — x and use the
above arguments, we find m*(A) < m*(A + x). Hence, m*(A + x) = m* (A), i.e.,, m* is
translation invariant.

Theorem 7.2.7 The outer measure of an interval | is its length.

Proof. Case-1 First let | be a closed finite interval [a, b]. Since, for each € > 0, the open

interval (a —g, b +§) covers [a, b], we have

*N<l@a-=b+S)=b-a+e.
m*(l) <1(a 5 +2) a+e

Since this is true for each € > 0, we must have
m*(1) <b—a=I(l).
Now, we will prove that
m*(1)>b-a ...(1)

Let € > 0 be given. Then there exists a countable collection {l,} of open intervals covering [a,
b] such that

m*(1) > YI(1,)—e ..

By the Heine-Borel Theorem, any collection of open intervals which cover [a, b] has a finite
sub-cover which covers [a, b], it suffices to establish the inequality (2) for finite collections {l,}
which cover [a, b].

Since a<[a, b], there must be one of the intervals I, which contains a and let it be (a;, by).
Then, a; <a <b;. If by <D, then b, [a, b], and since b, ¢ (a;, by), there must be an interval (a,,
b,) in the finite collection {l.} such that b;e(a,, b,); that is a, < b; < b,. Continuing in this
manner, we get intervals (ay, by), (a2, b,),... from the collection {I,} such that
a;<bi_i<b;, i=1,2,...

where by = a. Since {l1,} is a finite collection, this process must terminate with some interval (a,
by) in the collection. Thus
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SI(1,)=Y1@.b)

= (by —ay) + (by-1 —ak-1) +...+ (b1 — a7)
=be—(ax—bx1) —...— (@2 —by) —ay
> b —ag
>b—a,
since a;—b; 1 <0, by>band a; <a. This, in view of (2), verifies that
m*()>b-a- €.
= m*(l) > b —a.
Hence, m*(1) = m*([a, b]) =b —a.

Case-2 Now, let | is any finite interval. Then given an € > 0, there exists a closed finite interval
J < | such that

1) > I(1) - e.
Therefore,
I(1) — € < 1(J) = m*(J) <m*(1) = I(I)
= (1) — e <m*(I) < I(D).
This is true for each € > 0. Hence m*(1) = I(1).

Case-3 Suppose | is an infinite interval. Then given any real number r > 0, there exists a closed
finite interval J — | such that 1(J) = r. Thus m*(1) > m*(J) = I(J) = r, that is m*(l) > r for any
arbitrary real number r > 0. Hence m*(I) = oo = I(l).

Theorem 7.2.8 Let {A,} be a countable collection of subsets of real numbers. Then
m*([JA) <D m*(A)

Proof. If m*(A,) = o« for some neN, the inequality holds. Let us assume that m*(A,) < «, for
each neN. Then, for each n, and for a given € > 0, 3 a countable collection {l,;}; of open
intervals such that that A, =  J1,,; satisfying

i

2N, )<m*(A)+2" e

Then
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UA < Y

However, the collection {l,;},; forms a countable collection of open intervals, as the countable
union of countable sets is countable and covers | JA, . Therefore
n

m*(JA) <X 10,
< S(m*(A)+27" €)
= Zm*(An) + €.

But € > 0 being arbitrary, the result follows.

This theorem shows that m* is countable sub-additive.
Corollary 7.2.9 If a set A is countable, then m* (A) = 0.

Proof. Let A be countable set. We know that every countable can be written in the form of
sequence. Therefore,

A={a, a, ..., a, ...}
Clearly, A= | {a}

= A is countable union of singleton sets{a.}.
= m* (A) =m* (( J{a}) < D m*({a}) [by above theorem]
=0

= m* (A) <0, but m* (A) > 0.

= m* (A)=0

Therefore, outer measure of countable set is zero.

Note: The converse of the result is not necessarily true, i.e., a set with outer measure

may or may not be countable. For example, Cantor’s ternary set has outer measure zero is
uncountable.

Note: Each of the sets N, I, Q and algebraic numbers has outer measure zero since each one is
countable. A set with outer measure non-zero is uncountable.

Corollary 7.2.10 The set [0, 1] is uncountable.

|
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B _IsAR '
Proof. Let the set [0, 1] be countable. The m*([0, 1]) = 0 and so I([0, 1]) = 0. This is absurd as
the length is equal to 1. Hence the set [0, 1] is uncountable.

Theorem 7.2.11 The Cantor set C is uncountable with outer measure zero.

Proof. Let E, be the union of the intervals left at the nth stage while constructing the Cantor set
C. E, consists of 2" closed intervals, each of length 3™". Therefore

m*(E,) <2". 3™
But each point of C must be in one of the intervals comprising the union E,, for each neN, and
as such C c E,, for all neN. Hence

2\
m*(C) < (E] :

This being true for each neN, letting n—oo gives m*(C) = 0.

Theorem 7.2.12 If m*(A) =0, then m*(A U B) = m*(B).

Proof. By countable sub-additivity of m* and m*(A) = 0, we have
m*(A U B) < m*(A) + m*(B) = m*(B), 1)

But B < AUB gives
m*(B) < m*(A U B). (2)

Hence the result follows by (1) and (2).

Lebesgue Measure

The outer measure does not satisfy the countable additivity. To have the property of
countable additivity satisfied, we restrict the domain of definition for the function m* to some
suitable subset, M, of the power set P(R). The members of M are called measurable sets and we
defined as :

Definition 7.2.13 A set E is said to be Lebesgue measurable or simply measurable if for each
set A, we have

m*(A) = m*(A N E) + m*(A N E°). ...(3)
Since A = (A N E) U (A n E®) and m* is sub-additive, we always have

m*(A) < m*(A N E) + m*(A N E°).
Thus to prove that E is measurable, we have to show, for any set A, that

m*(A) > m*(A N E) + m*(A N E°). ..(4)
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The set A in reference is called test set.

Definition 7.2.14 The restriction of the set function m* to that to M of measurable sets, is called
Lebesgue measure function for the sets in M.

So, for each EeM, m(E) = m*(E). The extended real number m(E) is called the Lebesgue
measure or simply measure of the set E.

Theorem 7.2.14 If E is a measurable set, then so is E°.
Proof. If E is measurable, then for any set A,

m*(A) = m*(A N E) + m*(A N E°).
=m*(A N E°) + m*(A NE)
=m*(A N E®) + m*(A NE®)

Hence E° is measurable.
Note: The sets ¢ and R are measurable sets.
Theorem 7.2.15 If m*(E) = 0, then E is a measurable set.
Proof. Let A be any set. Then

ANEcCE = m*(ANnE)<m*E)=0
and AN E°c A= m*(A N E®) < m*(A).

Therefore, m*(A) > m*(A N E) + m*(A N E),

Hence E is measurable.

Theorem 7.2.16 If E; and E, are measurable sets, then so is E; U E,.
Proof. Since E; and E, are measurable sets, so for any set A, we have

m*(A) = m*(A N E;) + m*(A NEY)
=m*(ANE)+m*([An E;] N Ey) + m*([An Ef]NES)
=m*(ANE) +m*([ANE)] N E;) + m*(ANE[N E3)
=m*(ANE)+m*(ANE;n Ef) +m*(An[E;U E)
BuuAN (E;UE)=[AnE]JU[ANE,n E{]and

m* (AN (E;UEy))<m* [ANnE{(]+m* [AnE,n E[].

]
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|
Therefore, m*(A) >m*(A N [E; UE,]) + m*(A N[E; U E;]9),

Hence E;\UE, is a measurable set.

Theorem 7.2.17 The intersection and difference of two measurable sets are measurable.

Proof. For two sets E; and E,, we can write (E; m E;)° = ESUES and E; — E, = E;nES. Now

using the fact that union of two measurable sets is measurable and complement of a measurable
set is measurable, ones get the result.

Theorem 7.2.18 The symmetric difference of two measurable sets is measurable.

Proof. The symmetric difference of two sets E; and E, is given by E; A E, = (E1 — Ey) u (Ex —
E,) and by above arguments we get the result.

Definition 7.2.19 A nonempty collection A of subsets of a set S is called an algebra (or Boolean
algebra) of sets in P(S) if €A and

@A BeA = AuUBEA
(b) Ac A = A° e A

By DeMorgan’s law it follows that if A is algebra of sets in P(S), then
(c)A,Be A = AnBeA,

while, on the other hand, if any collection A of subsets of S satisfies (b) and (c), then it also
satisfies (a) and hence A is an algebra of sets in P(S).

Corollary 7.2.20 The family M of all measurable sets (subsets of R) is algebra of sets in P(R).
In particular, if {E;, E,, ..., E,} is any finite collection of measurable sets, then so are

LnJEl and ﬁEi .
i=1 i=1

Theorem 7.2.21 Let Ey, E,,..., E, be a finite sequence of disjoint measurable sets. Then, for any
set A,

i=1l

m*(Am[OEiD:g‘m*(AmEi).

Proof. We use induction on n. For n = 1, the result is clearly true. Let it be true for (n—1) sets,
and then we have

m*(m{”‘leiﬂ:"z‘lm*(ma).
i=1

i=1
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Adding m*(A n E,) on both the sides and since the sets E; (i =1, 2,..., n) are disjoint, we get

m*{Am nUlEiD+m*(AmEn):im*(AmEi)

Li=l i=1

= m*(Am_UEi}m E§J+m*(Ar{LﬂJEi}mEn] = Zn:m*(AmEi),
i-1

i=1 i=1

n
But the measurability of the set E,, by taking Am[U Ei} as a test set, we get

i=1

ST A

Hence,

m*[Am[LnJEiD:Zn:m*(A AE).

i=1 i=1

Corollary 7.2.22 If E4, E,,..., E, is a finite sequence of disjoint measurable sets, then

mLUEsz(E)

Theorem 7.2.23 If E; and E, are any measurable sets, then
m(E; U E;) + m(E; n Ey) = m(E,) + m(Ey).
Proof. Let A be any test set. Since E; is a measurable set, we have
m*(A) = m*(A N E;) + m*(A NE;)
Take A = E; U E,, and adding m(E; m E;) on both sides, we get
M(E; L Ez) + m(E1 M Ez) = m(Ey) + m(([Ex v Eo] N Ef) + mM(E1n Ey).
[ if aset E is measurable, then m*(A) = m(A)]
Since
[(E1 U Ey) NnEfJU[EL1NEy] =E;
is a union of disjoint measurable sets, we note that
m([E; U Ex] m Ef) + m(E1 N Ey) = m(Ey).

Hence the result follows.

DDE, GJUS&T, Hisar 164 |



Real Analysis 9 MAL-512
W % A —

Theorem 7.2.24 Let A be an algebra of subsets of a set S. If {A;} is a sequence of sets in A, then
there exists a sequence {B;} of mutually disjoint sets in A such that

Usi=UA..
i=1 i=1

Proof. If the sequence {Ai} is finite, the result is clear. Now let {A;} be an infinite sequence.
Set B;= A;, and for each n > 2, define the sequence {B,} such that

n-1
Bn:Af-ﬂJAi
i=1
= AN AT NASNLLNAL .
Also here, B:=A;, B, =A- Ay, Bg = Ag' (Al U A, ) ......
It is clear that

Q) B, € A, for each neN, since A is closed under the complementation and finite
intersection of sets in A.

(i) Bpc A, foreach neN.

@) By B,=¢ form= n, i.e., the sets B, are mutually disjoint.
Let B,, and B,, to be two sets and with m < n. Then, because B,, = A,
we have

BN B,cA,N B,
=An N [AnN Al NLnAL NLLNAT ]
=[AnN ALl ...
=dN...

= d)
(iv) UBi=UJA:.
i=1 i=1
Since B;c A, for each ieN, we have

Usi <A .
i=1 i=1

|
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Now, let X e UAi then, X must be in at least one of the sets A;’s. Let n be the least value of i
i=1

such that x € A;. Then x € By, andsox €| JB, .

n=1

Hence
Uai =B
i=1 i=1

Hence, the theorem proves.
Theorem 7.2.25 A countable union of measurable sets is a measurable set.
Proof. Let M = {E;} be a sequence of measurable sets and let
E = UEi . To prove E to be a measurable set, we may assume, without any loss of

i=1
generality, that the sets E; are mutually disjoint.

n
For each neN, define F, = UEi .Since M is an algebra of sets and E,, E,,...E, are in M,
i=1
the sets F, are measurable. Therefore, for any set A, we have

m*(A)=m*(AnF,) + m*(An F)
>m*(A N F,) + m*(A N E),
since
Fe { UEi} U E* S ES.
i=n+1
But we observe that
n
m*(ANF,) = > m*(ANE).
i=1
Therefore,
n
m*(A) > > m*(ANE;)+m*(ANE°).
i=1
This inequality holds for every neN and since the left-hand side is independent of n, letting
n—o0, We obtain
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m*(A) > Y m*(A A E) + m*(A  E9)

i=1
> m*(A N E) + m*(A N E°),
in view of the countable subadditivity of m*. Hence E is a measurable set.

Theorem 7.2.26 Let E be a measurable set. Then any translate E + y is measurable, where y is a
real number. Furthermore,

m(E +y) = m(E).
Proof. Let A be any set. Since E is measurable, we have

m*(A) = m*(A N E) + m*(A N EY)
= m*(A +y) = m*([A N E] +y) + m*([A N E] +y),
in view of m* is invariant under translation. It can be verified that

[ANE]+y=(A+y)N(E+Y)

{[AmEC]er:(Aer)m(EC +Y).

Hence
m*(A +y) = m*([A +y] N [E+y]) + m*([A +y] N [E° +y]).

Since A is arbitrary, replacing A with A —y, we obtain

m*(A) =m*(ANE+y)+m*(ANE"+Yy).
Now since m* is translation invariant, the measurability of E + y follows by taking into account
that (E+y)*=E°+y.
Theorem 7.2.26 Let {E;} be an infinite decreasing sequence of measurable sets; that is, a
sequence with E;;; — E; for each i eN. Let m(E;) <o . Then

m(ﬁ Eij= r!m m(E.,).

Proof. Letm(E;) <.

SetE = ﬂEi and F; = E; — Ej.1. Then the sets F; are measurable and pair wise disjoint, and
i=1

E,-E=|JF.

i=1
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Therefore,
m(E; - E) = > m(F)=> m(E -E.,).
i=1 i=1

But m(E;) = m(E) + m(E;—E) and

m(E;) = m(E;,1) + m(E; —-E;j.q), forall i > 1, since E — E; and Ej;; c E;.

Further, using the fact that m(E;) < oo, for all i > 1, it follows that
m(E; — E) = m(E;) - m(E)

and mM(Ei — Ei+1) = m(E;)) — m(Ej+1), Vi >1.

Hence,

m(ED) - m(E) = Y (M(E)-m(E, )

lim > (m(E,) - m(E,..)

lim {m(E;) - m(En}
=M (E) - lim m(Ey).

Since m(E,) < «, it gives
m(E) = lim m(E,).

Remark 7.2.27 The condition m(E;) < oo, in above Theorem cannot be relaxed.

Consider the sets E, given by E, = ]n, o[, neN. Then {E.} is a decreasing sequence of

measurable sets such that m(E,) = « for each neN and ﬂEn =¢. Therefore,
n=1

lim m(E,)=x, Wwhile m(¢)=0.

Fs- Set

Definitio7.2.29 A set which can be written as countable (finite or infinite) union of closed sets
is called an F,-set, i.e., aset Ais F-set if A = U F , where F; are closed set.

ieN

|
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Example: F,-set are: A closed set, A countable set, A countable union of F-sets, an open
interval (a, b) since

(a, b) = U{a+%, b—ﬂ: a countable union of closed sets.

n=1

and hence an open set.
§§'Set
Definition 7.2.30 A set which can be written as countable intersection of open sets is a Gs-set.

Examples: Gs-set are: An open set and, in particular, an open interval, A closed set, A
countable intersection of Gs-sets.

A closed interval [a, b] since
[a, b] = ﬂ }a—l, b+1[: a countable intersection of open sets.
n=1 n n

Remark 7.2.31 Each of the classes F, and Gg of sets is wider than the classes of open and
closed sets. The complement of an F-set is a Gs-set, and vice-versa.

Borel Set

Definition 7.2.32 A set which can be obtained by taking countable union or intersection of open
and closed set is called Borel set.

Note: F,-set and Gs-set are always open set.
Theorem 7.2.33 Let A be any set. Then:
(a) Given € >0, 3 an open set O o> A such that
m*(0) <m*(A) + e
while the inequality is strict in case m*(A) < oo; and hence m*(A) = LT; m*(0O),
(b) 3 a Gs-set G o> A such that
m*(A) = m*(G).

Proof. (a) Assume first that m*(A) < c. Then there exists a countable collection {I.,} of open
intervals such that A = | I, and
n

DI <m*(A)+€ [By definition of infimum]
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Set, 0= [J1,. Clearly O is an open set and

n-1
m*(O) = m*[Ulnj
<> m*(1)=>11(1,) <m*(A) + €.
(b) Choose € = % neN in (a). Then, for each neN, 3 an open set O, > A such that
m*(0,) < m*(A) + %

Define G = (0, . Clearly, G is a Gs-set and G > A. Moreover, we observe that

n=1
M*(A) < M*(G) < M*(0,) < M*(A) + % neN.

Letting n—o0 we have m*(G) = m*(A).
Theorem 7.2.34 Let E be a given set. Then the following statements are equivalent:
(a) E is measurable.
(b) Given € > 0, there is an open set O > E such that m*(O — E) < €,
(c) There is a Gs-set G o E such that m*(G-E) = 0.
(d) Given € > 0, there is a closed set F — E such that m*(E — F) < €,
(e) There is a F,-set F — E such that m*(E — F) = 0.
Proof. (a) = (b) : Suppose first that m(E) < oo, then there is an open set O o E such that
m*(0) <m*(E) + €.
Since both the sets O and E are measurable, we have
m*(O —E) = m*(0) — m*(E) < €.
Now let m(E) = 0. Write

R= UIn , Where R is set of real numbers and |, are disjoint finite intervals Then, if E.=E N I,,
n=1

m(E,) < . We can find open sets O,, o E, such that
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m*(0, — Ey) < Zi

Define O = UOn . Clearly O is an open set such that O o E and satisfies

n=1
O-e=Jo,-|JE,=J(©, -E).
n=1 =1 =1
Hence

M*(0 -E) < 3 m*(0, - Ey) < €.

n=1

(b) = (c) : Given € = 1/n, there is an open set O, > E with m*(O,, — E) < 1/n. Define G = ﬂon

n=1

. Then G is a G;-set such that G > E and
m*(G —E) < m*(0, — E) < % ¥ neN.

This on letting n—o proves (c).

(c) = (a) : Write E = G — (G —E). But the sets G and G-E are measurable since G is a Borel
set (As Every Borel Set is Measurable) and G-E is of outer measure zero. Hence E is
measurable.

(@) = (d) : E® is measurable and so, in view of (b), there is an open set O o E° such that m*(O
—E°) < €. But O-E° = E — O°. Taking F = O°, the assertion (d) follows.

(d) = (e) : Given € = 1/n, there is a closed set F, < E with m*(E —F,) < 1/n. Define F = | JF, .
n=1
Then F is a F4-set such that F < E and
m*(E-F) < m*(E —-F,) < % Vv neN.

Hence the result in (e) follows on letting n—oo.

(e) = (a) : The proof is similar to (c) = (a).
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Definition 7.2.36 An algebra A of sets is called a c-algebra (or o-Boolean algebra or Borel

field) if it is closed under countable union of sets; that is, | JA, , is in A whenever the countable
i=1
collection {A;} of sets, isin A.

Note: It follows, from DeMorgan’s law, that a c-algebra is also closed under countable
intersection of sets. The family M of all measurable sets (subsets of R) is a c-algebra of sets
in P(R).

Theorem 7.2.37 Let {E;} be an infinite sequence of disjoint measurable sets. Then

i=1 i=1
Proof. For each neN, we have
m(UEiJ=Zm(Ei).
i=1 i=1

But

Therefore, we obtain
m(OEiJzzn:m(Ei).
i=1 i=1
Since the left-hand side is independent of n, letting n—o0, we get
m(GEiJzim(Ei).
i=1 i=1

The reverse inequality is countable sub-additivity property of m*.

Definition 7.2.38 The c-algebra generated by the family of all open sets in R, denoted B, is
called the class of Borel sets in R. The sets in B are called Borel sets in R.

Examples: Each of the open sets, closed sets, Gs-sets, Fs-sets, Gs,-sets, Fgs-Sets, etc., are
simple type of Borel set.

Theorem 7.2.39 Every Borel set in R is measurable; that is, B — M.
Proof. We prove the theorem in several steps by using the fact that M is a c-algebra.

]
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Step-1: The interval (a, «) is measurable.
It is enough to show, for any set A, that

mM*(A) = m*(Ag) + m*(Ayz),
where A; =An (a, o) and A, = AN (— o, a].

If m*(A) = oo, our assertion is trivially true. Let m*(A) < o. Then, for each € >0, 3 a
countable collection {I,} of open intervals that covers A and satisfies

(1) < m*(A) + e

Write I =1, (a, o) and I" =1, N (—oo, a]. Then,
|;1 U I,r; = {Inm (a1 CO)} o {In M ( —0, a)}
=1y (—o0, ©)

- In;

and I, 17 = ¢. Therefore,
(1) = 1017) +1(17)
= (1) +m*(17)
But
Aiclull]ln@x)=u(ly,n(a ) =ul,,

so that m*(A;) < m*(UI;szm*(l;) . Similarly A, = [ 17 and so

m*(Az) < > m*(I7).
Hence,
M*(A7) + mM*(Ag) < D {m*(I})+m*(I})}

= S1(1,) < M*(A) + .

Since € > 0 is arbitrary, this verifies the result.
Step-2: The interval (—, a] is measurable, since

(-0, a] = (a, »)"
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Step 3: The interval (—oo, b) is measurable since it can be expressed as a countable union of the
intervals of the form as in Step 2; that is,

(=00, b) = 0]—00, b—%].
n=1

Step 4 : Since any open interval ]a, b[ can be expressed as
(a, b) = (—o0, b[ M ]a, ),
it is measurable.

Step 5 : Every open set is measurable. It is so because it can be expressed as a countable union
of open intervals (disjoint).

Hence, in view of Step 5, the c-algebra M contains all the open sets in R. Since B is the

smallest c-algebra containing all the open sets, we conclude that B — M. This completes the
proof of the theorem.

Corollary 7.2.40 Each of the sets in R: an open set, a closed set, an F,-set and a Gs-set is
measurable.

Non-Measurable Sets

Most of sets in analysis are measurable. But there are some sets which are non-measurable.
Definition 7.2.41 If x and y are real numbers in [0, 1), then the sum modulo 1, denoted by %, of
x and y is defined by

X3y = X+Y, X+y<1
-y X+y-1 x+y=>1

Example:(i)1i£=§a33+1<1
2 4 4 2 4
iy 24121 462,10
3 2 3 2 3 2

Definition 7.2.42 If E is a subset of [0, 1), then the translate modulo 1 of E by y is defined by

Ety={z: =x+vy, xe E}.
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(i)  +isclosedin[0, 1), i.e., X ye[0,1)=x+y e [0, 1).

(i)  The operation + is commutative and associative.
Now, we prove that the measure (Lebesgue) is invariant under translate modulo 1.
Theorem 7.2.43 Let E — [0, I] be a measurable set and y<[0, 1] be given.

Then the set E + y is measurable and m(E +y) = m(E).
Proof. For any measurable set E of [0, 1), define

E,=EN[0,1-Y)
{@=Emﬂ—%&

Clearly E; and E, are two disjoint measurable sets such that E; U E, =Eand E; N E; =
¢ . Therefore,

m(E) = m(E,) + m(Ey).
Now,forx e E; = 0 <x<l-y =0+y<x+y<l-y+y=1

= y<x+y<l
Therefore, Ei+y={x+y,xe E}={x+y,xe E;} =E,

— E;+Y is measurable
Nowifforx e E, = 1-y<x<l=1<x+y<l+ty=x+y=x+y-1
Therefore, Ecty={x + y,xe E;}=E, + (y-1)

— E,+V is also measurable and m(E,+y) = m(E,+y — 1) = m(E,)
[~ Lebesgue measure is translation invariance]

Further, E+y = (E; U E)) +y = E;+y U E,+y, but since E;+y and E,+y are disjoint
measurable sets.

Therefore, m(E +y) = m(E;+Y) + m(E,+y) = = m(E,) + m(E,) = m(E)

Hence, m is invariant under +.
Theorem 7.2.44 There exists a non-measurable set in the interval [0, 1].
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Proof. We define an equivalence relation ‘~’ in the set I = [0, 1] by saying that x and y in | are
equivalent, to be written x ~vy, if x — y is rational. Clearly, the relation ~ partitions the set I into
mutually disjoint equivalence classes, that is, any two elements of the same class differ by a
rational number while those of the different classes differ by an irrational number.

Construct a set P by choosing exactly one element from each equivalence class — this is
possible by the axiom of choice. Clearly P < [0, 1]. We shall now show that P is a
nonmeasurable set.

Let {r;} be an enumeration of rational numbers in [0, 1] with ry = 0. Define
Pi=P+r.
Then Py = P. We further observe that:

@ PnnP,=¢d, m=n.

(b) (JP, =10, 1.

Proof (a). Let if possible, y € P, m P,.. Then there exist p,, and p, in P such that

Y=Pm+TIm=Pntln

= Pm — Pn= 'm—I'n, Whixh is a rational number
= Pm — Pn, DY the definition of the set P
= m=n.

This is a contradiction.
Proof (b). Since each P; < [0, 1), therefore, UPi =10, 1).

As each element x<[0, 1) is in same equivalence classe and as such so x related to an element y
(say) of P. Suppose r; is the rational number by which x differs from y.

Then, xeP; and hence [0, 1) = | JP, .
Therefore, | JP, =[O, 1].

Now, assume that P is measurable. We know that each Pi is a “ translation modulo 1” of P.
Therefore each P; is measurable, and m(P;) = m(P),

m(JP)=>"m()
i i=0
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_ (o if m(P)=0
" e if m(P)>0.

On the other hand
M(UPi) =m([0, 1]) = 1.

These lead to contradictory statements. Hence P is a non-measurable set.
7.4 Check Your Progress

Q.1. Prove that every interval is a measurable set and its measure is its length.

Fill in the blanks in the following question.
Q.2. Let E be a set with m*(E) < c«. Then E is measurable if and only if, given € > 0,
there is a finite union B of open intervals such that
m*(EAB)<e.
Proof. Let E be measurable, and let € > 0 be given. Then there exists an open set O > E with

m*(O-E) < €/2. As m*(E) is finite, so is m*(O). Further, since the open set O can be expressed
as the union of disjoint countable open intervals {l;}, there exists an neN such that

10 <,
2100
since m*(O) < oo.
Write B = [ J1;. Then
i=1
EAB= oo, c(0-B)uU (0 -E).
Hence

m*(E AB) < m*( Oli] +m*(O-E) < e.

i=n+1
n
Conversely, assume that for a given € > 0, there is a finite union, B = UIi , of open

i=1
intervals with m*(EAB) < <. Then there is an open set O o E such that
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m*(0) <m*(E) + €. ...(1)
If we can show that m*(O — E) is arbitrarily small, it follows that E is a measurable set.
Write S = LnJ(Ii M0). Then S < B and so
i=1
SAE=(E-S)uU(S-E)c (E-S)u (B-E).
However,
E-S=ENO)YUENB)=....cceeiiiiinnnn,
Since, E < O. Therefore
SAEc(E-B)u(B-E)=EAB,
and as such m*(SAE) < . However, E — S U (SAE) and so
M*(E) < ovveeeerinnn, .(2)
Also O — E < (O -S) U (SAE) gives
m*(O —E) < m*(O) — m*(S) + €.
Hence, in view of (1) and (2), we get
M*(O-E)<.................
Q.3. Let {E;} be an infinite increasing sequence of measurable sets, i.e.,

Ei.1 c E;, for each ieN. Then

m(CJEiJ: lim m(E,).

n—o0
i=1

Proof. If m(E;) = « for some neN, then the result is trivial, since
m(UEiJ > m(E) = oo,
i=1

and m(E,)) = oo, for each n > i. Let m(E;) < oo, for each ieN. Set

E= UEI ) Fi = Ei+1— Ei.
i=1
Then the sets F; are measurable being difference of two measurable sets and pair wise disjoint,
and
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Since

E,.cE,cE,c..
So, we can write
E=EVU(E,-E)u (E,-E)uU..(E, -E,) ..

= E1 O(Eiﬂ - Ei)

i=1

Also, E is disjoint union of measurable sets

= m(E-Ey) = m[CJFij:Z ............ =Y m(E,,-E)

= m(E) - M(Ex) = fim ' {m (Exr) - M(EN}

= m(E) = limm(E,).

Q.4. Show that the set of all irrational numbers in [0, 1] is measurable and has outer
measure 1.
Solution. Let us assume
A =set of all rational in [0, 1]
B = set of all irrational in [0, 1]
Clearly, A and B are disjointsetand AUB=..................
Now, m(A v B) = m{[0, 1]}

= e =1-0 ...(1) [“ANnB=4¢]
Further, we know that, the set of rational Q is countable and A <Q
= Ais......... [ Any subset of countable is countable]
= m(A)=0.
From (1), we have

m(B) = 1.
7.5 Summary
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The outer measure m* is a set function which is defined from the power set P(R) into the set
of all non-negative extended real numbers. Outer measure of an interval is its length. Outer
measure of empty set, singleton set and cantor’s set is zero. The outer measure function m’ is
countable sub-additive and non-negative.

To have the property of countable additivity satisfied, the outer measure function m” is
restricted to the domain of definition some suitable subset, M, of the power set P(R). In this
lesson, we have shown that open sets, closed sets, countable unions of measurable sets, and
complements of measurable sets are measurable. One might wonder if the intersection of
measurable sets is also measurable. This is indeed the case.

The theorem 7.2.33 states that any set with finite Lebesgue outer measure is contained in
some open set with arbitrarily close outer measure. This may not seem like such a great feature
right now. But it tells us that instead of dealing with our original set, we can use an open set
with almost the same outer measure. The advantage is that we know some useful properties of
open sets.

Also, we have shown that the collection of Lebesgue measurable sets contains the empty set,
is closed under set complement, and is closed under countable unions. Such a collection of sets
is known as a c-algebra. For now, we make the observation that since all open sets are
measurable and the collection of measurable sets is closed under countable intersections, a set
that is the intersection of a countable collection of open sets must be measurable. Similarly, all
closed sets are measurable. Thus, a set that is the union of a countable collection of closed sets
is also measurable.

7.6  Keywords
Set Theory, Infimum and Supremum of Set, Countable Set, Cantor’s Set, Open
Set and Closed set.

7.7  Self-Assessment Test
Solve the following Questions.

Q.1. If A c [a, b] is a Lebesgue measurable set then prove that m(A) + m(A®) =b —a.

Q.2. Show that Cantor’s Set is measurable and its measure is zero.

Q.3. If A and B are measurable subsets of [2, 3] such that m(A) = 1. Then prove that
m(A N B) = m(B).

Q.4. Show that m” is translation invariance

Q.5. IFA={x e R:0<x<1and x has decimal expansion not using the digit 7. Then

|
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show that m” (A) = 0.
7.8  Answers to Check Your Progress

A.1. It follows in view of the fact that an interval is a Borel set and the outer measure
of an interval is its length.
A2. (E-B)uU(B-E),E-B, m*(S)+ €, m*(S) + e.

A3. 05, m(F), lim {m (Eq.1) - m(Eq)}

i=1

A4 [0, 1], m(A) + m(B), countable
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